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5. CumBoOnbI rpaHeli Kpuctannos

5.1. CuMmBONbHAA XapaKTepUCTUKa rpaHei

B npeabiayuiem pasgene ana onuvcaHua mopdonorum KpUucTannos UCNONb30BaAUCL cTepeorpaduyeckue
npoekuuu. NMpoekuusa AaeT HarnaAHOE U BNOJIHE afieKBaTHOe npeactaBneHne ob orpaHke Kpucranna, 3a
UCKNIOYEHUEM OTHOCUTENIBHOIO pPasBMUTUA pasHbiX rpaHed. HepgoctaTKom NpoOeKUMn ABNAETCA WX
rPOMO3AKOCTb. 3TO 3aTPyAHAET WCNOMAb30BaHWE MNPOEKUUH npu pabote ¢ 6GonbWKMMKM MaccuBamu
MOpPGONOrMYECKMX AaHHbIX — HANpUMep, NPU onMcaHnm GopM MMHEPANOB KaKoro-Ambo mMecTopomaeHUA,
WAn Bapuvaumini Gopmbl TOro MAM MHOFO MWHepana, WM T.n. Heobxogum cnocob 6onee KOMNaKTHOro
npeacTasneHMUa orpaHkmM Kpuctannos. [Ina aToro MCNoNb3YyIOT YUCNOBbIE Kpucmannozpaguyeckue cumeosnsl,
npucBanBaemble rpaHAM Kpuctanna. Mbl yKe CTa/IKMBaAUCb C CUMBOAMM FPaHEN, paccmaTpmean Tabauuy
npoctbix dopm 4.2, ogHaKo Torga roBoputb 06 ux cmbicne 66110 npexaespemeHHo. Kak BUAHO U3 3ToM
Tabnuubl, CMMBO/IbI TPaHen (B AaHHOM Cay4Yae — CUMBOJIbI NPOCTbIX GOPM) COCTOAT U3 TPEX WK YeTbipex
HeBONbLUMX YMCEN — UHOEKCO8. ITU YMCNa ONpPeaenaoT HaKAOHbI FPaHEN K OCAM KOOPAWMHATHOM CUCTEMBI,
YKECTKO CBA3aHHOW C Kpuctannom. OnpeaeneHune 3Ha4YeHUIM MHAEKCOB, 8 COOTBETCTBEHHO, U CUMBOAA FPaHU
HasblBaeTcA uHOuyupoeaHuem. [pexpe, yem nepexoauTe COBCTBEHHO K WMHAMUMPOBAHWMIO TpaHen,

HEOGXO,D,HMO BBECTKM KOOPAWHATHbIE CUCTEMbI, B KOTOPbIX MHOEKCbI ONpeaenATCA.

5.2. Kpuctannorpapuyeckme KOOpAMHaATHbIE CUCTEMbI

CBA3aHHaA ¢ KPpUCTannom KoopaumHaTHaA CMCTeMa A0 Ha OTPpakaTte CUMMETPKWMIO KpUCTanna. |_||’.)3T0!\|I"l\}r AanA
pasHbIX CMHTOHWMWA HeoBXoAMMO WMCMNOMb30BaTh pPasHble CUMCTEMblI KOOPAWMHAT, pasnuualollMecs yrnamu
MENK/AY KOOPAUHATHBIMM OCAMM U MacluTabamu (eauHULaMu n3amepeHns) no ocam. KoopauHaTHas cuctema
Hanbonee obLliero BMAa NokasaHa Ha puc. 5.1. Hayano KoopauHaT NOMELLaeTCA B LLEHTpe KpucTannia, ocb Z
HanpaB/AseTCA BEPTUKaNbHO BBEPX, OCb Y — cieBa Hanpaso, ocb X — bonee unm meHee Ha Habnogatens, u
3TM HanpaBNAEHWUA COOTBETCTBYIOT MOJIOMMUTENbHBIM KOHLAM OCel KoopaMHaT (KoopauHaTHas cuctema
npasas). O6o3HaYeHUa YIrI0B MEXAY OCAMM W eAMHUL, M3MEpPEeHMA Mo OCAM MoKasaHbl Ha puc. 5.1.
KoopauHaTHble ocu BblBMpatoTcs BAONb M/OTHLIX PAAOB NPOCTPAHCTBEHHOW peleTkM, U macwTabHblie
OTPEe3KM Mo ocAM a, b, ¢ paBHbl NepMojam WAEHTMYHOCTW BAONb 3TUX PAJOB. Ha KpWUCTaNaMuyecKux
MHOTOrpaHHMKax NAOTHbIM pAdaMm pPeleTKn COOTBETCTBYHOT OCHM CMMMETPKMKW, HOpMaiKu K NNOCKOCTAM
CMMMETPUU (MLHBEPCUOHHBIE OCM BTOPOro NOpAAKa), a TaKk:Ke peanbHble AN BO3MOXKHble pebpa KpucTanna.
Mo aTMM HanpaBAeHUAM W1 BbIBUPAIOT KOOPAMHATHbIE OCU A8 MaKpPOKpUcTannos. Ecan KoopanHaTHble ocu
COBMELLAIOTCA 3/IeMEHTaMU CUMMETPUM Kpuctannia (MayT no CUMMMETPUYHO-PaBHLIM Hanpas/ieHUAM), To
eaANHULLBI U3MEPEHUA MO TaKUM OCAM OAWMHAKOBbLI, EC/IN YKE OCKM HEe COBMELLAIOTCA 3/1eMEeHTaMU CUMMETPUM,
eaMHULbI U3SMEPEHUA NO HUM He paBHbl. KoHKpeTHbIN cnocob Bbibopa eguHuUy, usmepenua (macwrabos) no
KOOPAMHATHbIM OCAM Ha KPUCTaNNMYECKUX MHOTOrpaHHUKax ByaeT paccMoTpeH ganee, B pasgene 5.6.
Boibop Kpuctannorpadpmueckol KOOpPAMHATHOM CUCTeMbl HasbiBaeTca ycmaHoekol Kpucmanad. Mol
noapobHo paccmaTpuBanu B pasgene 3.2, Kak Hago OPUEeHTUPOBATb KPUCTa bl MPU UX NPOEKTUPOBaAHMM.
370, cobCcTBEHHO, W ecTb MpaBuNa yCcTaHOBKM. B Tabn. 5.1 ona KpUCTannoB pasHbIX CUHFOHWIA MOKasaHbl
KOOpPOWHAaTHBIE CUCTEMBI C MX YTNOBBIMK K NMHEeNHbIMK Na pameTpamm. PaCCMOTpMM X rlo,u,poﬁHee.

TPUKAUHHAA CUH20HUS. HOCI{OﬂbI{V OCM WM NMAOCKOCTM CUMMMETPUKM OTCYTCTBYHOT, TO KOOPAWMHATHblE OCH

BblIOMpalOTCA Mo Tpem HenapasiencHbiMm pebpam KpucTtanna. B pesynbrate nosy4yaem KOCOYrobHYHO
cucteMmy KoopauHaT a#B#y#90°. OTcioga W HasBaHME TPUKAWMHHOW CMHTOHWMM — TPWM KOCbIX (rped. KauHoc)
KoOpAMHaTHbIX yrna. Pebpa, no KOTOpbIM MPOXOAAT KOOPAMHATHble OCKM, He CBA3aHbl 3N1eMEeHTamM
CMMMETPMM, NO3TOMy macwTabbl MO OCAM He paBHbl, a#b#c. XOTA 3Ta KOOpAMHaTHaA CUCTEMa CamMoro

obuiero BMaa, BbiIbMpaem mbl ee He BMOJIHE NMPOU3BOJIbHO. 3a 0Cb Z NPUHUMAETCA 0Cb Hanbonee pa3suTomn
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30HbI (cm. pasgen 3.5), T.e. HanpaeaeHue, NapannensHoe Hanbonblemy Yucny rpaHei nnm pebep. Ocm X u
Y Bbibupatotca no Takum pebpam, utobbl Yrabl MeXay KOOpAMHATHbIMKU OCAMU BblnK, MO BO3MOMHOCTH,
6nu13ku K 90°. Mpumep BbIBOpa KOOPAMHATHbLIX OCEW A/1A KPUCTaNa TPUKIUHHOW CUHTOHWUM NPUBEAEH Ha
puc. 5.2.

MoHoknuHHaa cuHzoHuA. Wmeetca eAMHCTBEHHAA OCb CMMMETPUM BTOPOro nopsaKka — MNpocTas MM

UHBEPCUOHHaA (Hopmanb K NJ10CKocTU cummeTpun). NMpuHATO BbIBMpaTL 3Ty OCb 3a KOOPAMHATHYH ocb Y
(mMunepanozuveckas ycmaroeka). Ocu X n Z 6GepyTca B M/IOCKOCTM, MepneHauMKynspHou ocu Y, BAO/b
peanbHbIX NI BOSMOMHbIX peﬁep KpWUcCtanna. an 3TOM 3a OCb Z NMPUHKMMaEeTCA HanpaBaeHWe OCH Hanbonee
pa3BuTOM 30HbI. Ocb X BbiBUpaeTca Tak, UTobbl ee NONOKUTENbHBIN KoHew, 6bln HaKk/oHeH K Habatogatento,
T.e. 4T0bbI Yron B meKay NoNoXKMTENbHbIMK KoHUaMu ocel X 1 Z Bbia Tynbim (puc. 5.3), HO NO BO3MOXKHOCTH
6n13kum K 90°. Takum ob6pasom, yrabl mexay ocamu KoopguHat a=y=90° B>90°. Ocu KoopauHaT He
CBA3aHbl 2NEMEHTAMKX CMMMETPKUA, KN macLwtabbl no ocam He PaBHbI: azb#c.

Pombuyeckas cuHzoHuUa. UmetoTcA TPW B3aMMHO NepneHOMKYyNAPHbIX OCKA BTOPOTro nopaaKka — nNpocTble nan

WHBEPCUOHHbIE, BAO/Ib KOTOPbIX WU BbiBMpatoTcA KoopauHaTHble ocu. CneoBaTeNbHO, KOOPAMHATHbIE YI/ibl
npamble, a=B=y=90°. Takan KooOpAMHATHasA CMCTEMa Ha3bIBAETCA OPMO20HANbHOU (rped. opmoc — npsimon).
B nnaHanbHOM BMAE CUMMETPUM NOBOPOTHAA OCb cUMMeTpuu L, obasatenbHo BepeTca 3a ocb Z (puc. 5.4a).
B akcuanbHOM M aKCMa/ibHO-LLEHTPa/IbHOM BUAAX CUMMETPUU 3a OCb Z NPUHATO BblbMpaTtb Ty L, KOTOpan
napannenbHa ocu Hambonee pa3suTon 30HbI (puc. 5.46). Kakyto 13 octaslumxcs ocei L, mam Li; B3sTb 3a ocb
X, a Kakyto 3a ocb Y — 6e3pasiMuHo (ecnm UCxoamTb TONIbKO M3 Mopdosiorum Kpuctanna). KoopauHaTHbie ocu
HE CBA3aHbl 3/IEMEHTaMKU CUMMETPUM, U MacluTabbl No ocAM He paBHbl: azb=c.

Tempaz2oHaabHaa _cuH2oHUA. Ocb yeTBepToro nopAgka, nNpocrtaa MAM MHBEPCUMOHHaA, NPUHMMAlOT 3a

KoopauHaTHyto ock Z. 3a ocu X u Y BbibUpawTcA ABa B3aMMHO NeprneHAMKYNAPHbIX HarnpasB/ieHWA B
NAOCKOCTU, NepneHAuKynapHon ocu Z. Takum obpasom, KoopauHaTHasA cuctema opToroHansHa, a=p=y=90°.
B kauectee oceit X, Y BbIOMpPaOT NOBOPOTHbIE OCK CUMMETPUU L, UKW NepneHAWKYNapbl K NPoAo/bHbIM
NNOCKOCTAM CMMMETPUM (MHBEPCMOHHble ock Lip). EcnM oceit M naockocTerd CUMMETPUWM  HET,
rOpM3OHTa/IbHble KOOPAMHATHbIE OCW HArpaBAAKTCA MO AEWCTBUTE/IbHbIM WM BO3MOMHbIM B3aWMHO
nepneHaAMKynapHoim pebpam KpucTanna, Neawmm B MNAOCKOCTM, NepneHAMKYNAPHOW [NaBHOM OCK
cummeTpum (puc. 5.5). Bbibop ropusoHTanbHbIX KOOPAMHATHbIX 0celd HeoaHo3HaueH. Mpu Hanuumm 4L; uan
Am wumeeTcAa ABe paBHOMpPaBHble YCTAaHOBKW, pasaunyalowmeca nosopotom Ha 45° sokpyr ocu Ls. [Mpu
OTCYTCTBMM OCEN BTOPOro MNOPAAKa WAWU MAOCKOCTEW CUMMETPUU BapuaHTOB Bblbopa ropuU3OHTaNbHbIX
KOOpPAMHATHbIX Ocel MmoxeT bbiTb elwe Honbwe. MNpu nobom BapuaHTe ocu X, Y CBA3aHbI MMaBHOW OCbHO
CUMMETPUU, T.€. CHMMETPUYHO paBHbl. COOTBETCTBEHHO, W MaclTabbl N0 3TUM OCAM pPaBHbI, HO OT/IMYAKOTCA
oT macwTaba no ocu Z: a=b=c.

Kybuyeckas cuHzoHuA. MewTcs TpyU B3aMMHO NepneHauKyIAPHbIX 0cu cuMmmeTpun — 3l,, 3Lis unm 3Ly, 3Tn

Hanpas/ieHUa U NPUHUMAIOTCA 38 KOOPAUHATHbIE OCH, K, TaKUM 0Bpa3oM, KoopAUHaTHbIE Yribl a=f=y=90°,
cuctema opToroHanbHa (puc. 5.6). Bce TpM KOOpAMHATHbIX OCM CBA3aHbl OCAMWM TPETbero nopagka, T.e.
CMMMETPUYHO PaBHbl, W, 3HaYMT, paBHbl MmacwTabbl No ocAm a=b=c. KoopauHaTHaA cuctema Kybuueckoi
CUHIOHUM, eQMHCTBEHHAA M3 BCEX KPUCTaNNorpadmueckmx KOOpAMHATHLIX CUCTEM, ABAAETCA NPUBLIYHOM
[JeKkapToBoi cMCTEMOM. 3aMETUM, YTO XOTA KOOPAUHaTHblE CUCTEMbI POMBWYECKOW W TeTparoHanbHOM
CUHTOHUIM TaKXKe OpTOroHanbeHbl, OHKU HE ,[I,er<a PTOBbI, TAK KaK macwTtabbl no Tpem OCAM KOOpPAWMHAT HE pPaBHbI.

Tpu2oHAAbHAA U 28KCA20HANbHAA CUHZ0HUU. 9T CUHITOHMW OT/IMMAKOTCA OT BCEX OCTaNbHbIX TEM, HUTO ONA HKUX

MCMONb3yeTCA YeTbIpeXxoCcHaa KoopAuHaTHaa cuctema. Ocb Z HanpasAAeTcA MO [AaBHOM  OcMu.
lopu3oHTanbHble KoopauHatHblie ock X u Y BbibuMpaloT BAOML OCeld BTOPOro nopagka wau BAO/b
nepneHAUKYNApPOoB K NPOoAO/bHbIM MIOCKOCTAM CMMMeTpUU. Ecnn  ocel BTOporo nopagka W NAoCKocTel
CMMMETPUU HET, TOPU3OHTaNbHbIE OCKM KOOPAMHAT HanNpasAAKT BAOMb PeanbHbIX UM BO3MOMKHbIX pebep
KpWcTanna, neallmMx B NA0CKOCTH, NepneHAMKYNAPHOM rMaBHOM OCHM CUMMETPUM, nod yrnom 120° apyr K

Apyry. HanpaeneHWsa ropusoHTasIbHbIX KOOPAUHATHbIX ocel X 1 Y ABNAAOTCA CUMMETPUYHO-PaBHbIMM, TaK KakK
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OHW CBA3aHbl FNAaBHOM OCbo cUMMeETPUKU. OAHAKO UMEETCA U TPETbE COBEPLLIEHHO aHaNOMMUYHOE U, 3HAUMUT,
paBHOMpaBHOE HanpaBieHWE, CUMMETpUYHO-pasHoe ocam X M Y. [loatomy BBOAWUTCA ewe oOAHa
ropusoHTanbHas ocb W, M MNosyyaem 4YeTbiPeXOCHYK KoopauHaTHyo cuctemy (puc. 5.7). Yrnosble
napameTpbl KoopauHaTHOM cucTembl a=B=90° y=120° macwTabbl paBHbl NO FOPU3OHTANbHbIM OCAM U
oT/MyatoTca oT macwraba no ocu Z, a=bzc. Takaa Heobbl4HanA KOOpAMHATHAA CMCTEMA MCNONbL3YETCA He
TONbKO NO GOpPManbHbIM COOBpParKeHUAM PaBHOMNPaBUA TPEX 3KBUBANIEHTHbIX TFOPU30HTA/IbHBIX OCEN.
lnaBHasa npuumHa — obecneuyuTb BbLINOJHEHWE BO BCEX CUHTOHUAX OAMHAKOBbIX COOTHOLUEHWA MEXKay
CUMBO/IaMM Pa3HbIX FPaHel 0AHON NpocToit Gopmbl — Mbl pacCMOTPUM 3TO B pasaene 5.9,

Mpexpe yem NpUCTYNaTb K MHOMUMPOBAHWMIO TpaHel KPUCTaNNoB, NOKAXKEM, KaK € WCNO/b30BaHMEM
KpucTtannorpadpUyeckux KOopaUHAT MOMHO KOMNAKTHO 3anucaTtk BUA CUMMETPUM KpUCTaNna.

5.3. MexayHapoaHble 0603HaueHMa BUA0B cummeTpun (cumeonuka NepmaHa-MoreHa).

B paspenax 2.2 n 2.4 mbl ana o603HavyeHUs BUAA CUMMETPUM MCNOJ/Ib30Ba/M NOMHLIN Habop ero anemeHToB
CMMMETPUM, 3aNMCaHHbIX B onpeaesieHHOM MopAAKe — TaK HasbiBaemyko ydyebHyo dopmyny cummeTpum
Bpase. Takana 3anucb, BO-NepBbIX, FPOMO34Ka, U BO-BTOPbIX, U3DbITOUHA, TaK KaK 3N1EMEHTbI CUMMETPUN He
ABNAKOTCA HE3aBMCMMbIMW W CBA3aHbl TeOpemaMu cnoxeHua. [lna Kaxporo suaa CUMMMETPUM MOXKHO
0bOWUTUCL  OnpeaesieHHbIM  MUHUMaA/bHbIM  Habopom  He3aBucUMMbIX  (Mopomdarowjux) 31EMeHTOB
CUMMETPUU, MO KOTOPbIM NErKO BOCCTaHOBWTb OCTasibHble 3/1EMEHTbl CUMMETPUKM C MOMOLLbLIO Teopem
CNOXEeHWA.

Mpexpe scero, Beegem obO3HayeHUA ANA CaMUX I1EMEHTOB cummeTpuu, Bonee KOMNaKTHble, Yem
obo3HaueHuAa bpase. [loBopoTHble ocu cummeTpum  obos3HauawTcAa  apabckumu  uudpamm,
COOTBETCTBYIOLWMMKM Mopaary ocu: Li=1, L,=2, L3=3, L4=4, Le=6. NHBepcroHHbIe ocK o0Bo3HauYalOTCA TaKKe
apabckumm umudpamm, HO C YEPTOYKOWN Haa, LMPPOK, 33 UCK/TIHOYEHMEM MHBEPCUOHHOW OCK BTOPOTO NOPAAKA,
ONA KoTopoi octaBnAatoT obosHaueHue nnockoctu cummeTtpumn m: Lip=C=T, L=m, L3=L:+C=3, Li=%, L=
L3+ L m=6.

Cxema NoCTPOeHUA MeXAyHapoaHOro CUMBOAA NoKasaHa B Tabn.5.2. CumBoOA cocToUT U3 Tpex nosuuun |, I,
[ll. B KaxKa0# Nno3numm 3anucbiBatoT ob6o3HaueHMe NOPOXKAAOULETO 3NEMEHTA CUMMETPUK, ONpeaeNeHHbIM
0bpasom OpMEHTMPOBAHHOTO OTHOCUTENBHO KOOPAMHATHbBIX OCEN.

B Huzwell kamezopuu Ha nosuumax |, Il, 1ll 3anucbiBaoT obo3HaueHUs ocel CUMMETPUM, NapannesibHbix
KoopauHaTHbiM ocam X, Y, Z COOTBETCTBEHHO.

B cpedHeli kamezopuu Ha No3vumm | 3anmucbiBaloT 0Cb CUMMETPUK BbICILEro NopaaKa (napannenbHyo ocu
Z). Ha nosunuuu Il nomewaoT 31eMeHTbl CUMMETPUK, NapanienbHble 3KBuBaneHTHbim ocam X,Y,(W). Ha
nosuumm Il 3anncbIBalOT 0CM CUMMETPUK, Napas/iesibHble AMaroHasibHOMY (TeTparoHaNbHas CUHIOHMWSA) UK
anopemHomy (rekcaroHasbHana CUHTOHMA) HanpaB/AeHUAM, JIeXKallMm nog yrnom o/2 Kk ocam X, Y, (W), rae a
— 3/1eMeHTapHbIW YroN NOBOPOTA rMaBHOM OCK CUMMETPUM.

B ebicwell kamezopuu Ha NO3MUMKM | 3anMcbiBalOT OCKM CUMMETPUM, MapannesnbHble 3KBMBANEHTHbLIM
KoopauHaTHbiM ocam X,Y,Z. Ha BTopoii no3mMumum sanuceisaeTca umopa 3 Uam 3, 4TO CUMBOAM3IUPYET YeTbipe
OCW TPETbEero NopsaaKa, T.e. YKa3biBaeT MMEHHO Ha KybuuyecKy CUHIoHUo. Ha TpeTbei No3vuum 3anucbiBatoT
OCU CUMMETPUM, NapannesibHble 3KBMBaNEHTHbIM AnaroHanam mexay ocamm X,Y; X,Z; Y,Z.

OTmeTum elle HekoTopble ocobeHHocTK cumBonunKK epmaHa-MoreHa:

a. lMnockocTAmM cMMMETPUM OTAAeTCA NpeanoyTeHWe nepeg ocAMWM cMMMeTpuuU. [pn aTom, yKasbiBaa Ha
Kakoi-nnbo nosvMuMKM NAOCKOCTE M, UMeemM B BUAY, YTO COOTBETCTBYHOWEMY Hanpas/ieHWUlo napanneneH
neprneHauKynap K m, T.e. MHBEPCMOHHAA OCb BTOPOro nopaaxa.

6. Ecnv nepneHAMKYAAPHO NPOCTOM OCM CUMMETPUM MMEETCA NNOCKOCTb CUMMETPUM, TaKyto KOMBUHaUMIO
3anucbiBatloT B BUAe aApobu: 2/m, 4/m, 6/m (kombuHaumsa 3/m cootsercreyeT Liz=3, KOTOPYIO U NOKa3bliBatoT

B cumBosie). OQHAKO ecin OCb CUMMMETPUM B TakoW KOMBMHaLMKU NOPOXAAeTCA OPYTMMU 3/1EMEHTaMK
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CMMMETPUMN, MOKa3aHHbIMK B CUMBOJIE, TO B 3aMMCK OCTABNAKOT TOJIbKO 0603HaYeHUE NAOCKOCTU CUMMETPUH,
a obosHaueHMe ocM He 3anucbisaloT. Hanpumep, ana suga cummeTtpum 3L,3mC cumson bypeT He
2/m2/m2/m,a mmm, Tak Kak 0CU BTOPOTo NOpPsA/AKa NOPOXKAA0TCA NepeceyeHnAMM NI0CKOCTEN CUMMETPUM.
B. B TPMroHanbHOW CUMHIOHWMWM Hanpas/eHWA, NapansiesibHble roPU30oHTaNbHbIM KOOPAMHATHLIM OCAM, U
anodemHble HanpaBAEeHWUA dKBUBaMEHTHbI. [loaToMy TpeTbAa no3uuuA Bcerda byaert nycraa. Tak, ana Ls3L;
3anucbiBaem 32, ana Li3m — 3m, XOTA ANA COOTBETCTBYHLWMX BWAOB CMMMETPWUW TETParoHasbHOW W
reKcaroHas/ibHOM CMHIOHUKW cumBonbl byayT 422, 622, 4mm, 6mm.

MexayHapogHble o0bo3HayeHUA BWAOB CUMMETPUW NpuBeleHbl B Tabauuax 2.1 w 4.2. Ona nydwero
ycsoeHua B Tabn. 5.3 ceegeHbl 0603HaueHUA BUAOB CUMMETPUU B ydebHol cumeonuKke bpase, B cUMmBOMKe
lepmaHa-MoreHa , U ux HasBaHwa no obweild dopme M No reHepatopam (MNOPOMKAAOWMM 3/1EMEHTAM
CUMMETPUM).

5.4. UHaeKcbl rpaHeit Beiica u Muanepa.

Tenepb BEpHEMCH K OCHOBHOM 3a4aye 3TOM rN1aBbl — KaK C MOMOLLbIO YMC/NOBbIX CUMBO/IOB 3aaTh MNOJIOXKEHUE
rpaHer Kpuctanna B KpucTannorpadpuyeckoin cucteme KoopguHat? paHb KpucTanna ecTb NAOCKOCTb,
KOTOPYHO MOXHO 3a4aTb ee ypasHeHWem. [na Hawux uenel yaobHee Bcero Mcnonb3osaTtb ypasHeHue 8
ompeskax x/A+y/B+z/C=1, rne A, B, C — oTpe3Kn, oTcekaemble MNI0CKOCTbIO Ha KOOPAMHATHBLIX OcsaX (puc.
5.8). 3TK OTpesKM HasblBalOT TaKKe napamempamu 2paHu. NMpu 3TOM B COOTBETCTBUM C 3aKOHOM CTeHOHa
HaMm He BaXHbl abCoNIOTHbIE BENIMUYMHBI 3TUX OTPE3KOB (NMHENHbIE MapameTpbl), BaXKHbl AMLLb HAKAOHbI
rpaHe K KOOpPAMHATHbIM OcAM (yrnoBble nNapameTpbl). ITU HaKAOHbI ONPEeaenAloTCA OMHOWeHUAMU
oTpe3KoB no ocam A:B:C, He MeHALWUMKUCA NPU NepeHoce rpaHy napannesbHo camoi cebe. Yutem Teneps,
UTO rpaHu COOTBETCTBYIOT MIOCKMM CETKAM PELUETKU, @ KOOPAMHATHbIE OCU — Y3/10BbIM PAAAM 3TOM peLleTKu.
CnepoBaresibHO, rpaHb NepeceKkaeT 0CuM KoOPAMHAT HE B NPOM3BO/IbHbIX TOUYKAX, a B y3/1aX PELUETKM, OTceKas
Ha KaXAOoW OCM Le/ioe YMCIo NepuoaoB MAEHTUYHOCTM NO 3TOM ocK (MK, No KpaiiHern mepe, ApobHoe, HO
PAUUOHAAbHOE YNCNO NEPUOAOB MAEHTUYHOCTU, EC/IU Y3/bl MNJIOCKOW CETKU /IEXKaT BHE COOTBETCTBYIOWWENO
paga) — puc. 5.8. Uamepaa oTpesku no ocam A, B, C B oceBbix maclwTabax (nepuogax naeHtuuHoctun) A/a,
B/b, C/c , n Bepa OTHOLWIEHUA 3TUX BENWYMH, COKpalULEHHble [0 B3aUMHO MNPOCTbIX YMUCEN, MOAYYMM
obsasatensHo Hebonblme uensie ucna: Afa : B/b : C/c = p:q:r. 3Tn uncna, Ha3biBaemble uHOeKcol Belica,
XapaKTepusyloT HaKNOHbI FPaHKU K ocam KoopguHar X, Y, Z, u, cnegosaTtenbHo, MOTYT MCMNO/b30BaTbCA ANA
CUMBOJIBHOTO OMWCaHWUA MOJIOKEHUA TPaHK KpucTansia B BbiBpaHHOW KoopamHaTHOW cucteme. OAHaKo y
uHaeKkcoe Belca ecTb o4yeHb HeygobHasa ocobeHHOCTb — 4NA rpaHW, napannenbHou Kakoi-nubo
KOOpAMHaTHOM ocu, MHAEKC Belica no aTol ocK paseH BeckoHeyHoCTW. ITO 3aTpyaHAeT Abble pacyeTbl ¢
ucnonb3oBaHuem uHAekcos Belica. bonee yaobHbl  BenuumHbl, obpaTHble MHAeKkcam Beica (Takwke
COKpalleHHble A0 B3aMMHO MPOCTbIX Yncen), - uHOeKkcwl Munnepa: 1/p : 1/q : 1/r=a/A:b/B:c/C=h k: |
[lnA rpaHuW, NnapannenbHoi Kakon-1Mbo KoopAMHaTHOW OCH, MHAEKC Munnepa No 3Toi ocM paseH Hynto: 1/co
=0, 7.e. uucny, ropasao bonee yagobHomy B pacyeTtax, 4em HeCKOHEYHOCTb.

MHpekcbl Mwunnepa, 3aknlouyeHHble B Kpyrable CKOOGKM, HasbiBawoTcA cumeoaom 2epaHu (hkl). 3Haku
MecTo /19 GopMyJILL.OTHOWEHWUIA B 3TOM 3anNMCK ONyCKatoTcA, HO noapasymesatoTca. Ecnm kakoin-nmbo mns
MHOEKCOB oTpuuartesieH (rpaHb nepecekaer 0Cb KOOPAMHAT C OTPULATE/IbHOrO KOHU@), TO 3HaK MWHYC

crasutca Had uHoekcom: (hkl), v aTo unTaetca He «MUHYC k», a «k C MUHYCOMY.
5.5. Mopdonoruyeckoe MHAMLMPOBAHME rpaHei. 3aKoH Aou.
B npegbiaywem pasagene mbl onpegennnu MHaekcel Munnepa rpaHm Kpuctanna UCXoga U3 CTPYKTYPHbIX

napameTpoe — nepmoagos MWAEHTUYHOCTWM MO KOOPAWMHATHbIM OCAM. MOp(iJOﬂOZUWECKOE UHaU[{UpC'BGHUE

rpaHei, 6e3 ncnonb3oBaHUA CTPYKTYPHbIX NapamMeTpoB, OCHOBAHO Ha 3akoHe Awou (unv larou) — ogHom m3
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OCHOBHbIX 3aKOHOB reOMeTPUUYECKOM KpUcTansiorpadun. 3TOT 3aKOH 3BYYUT crieaytolium obpasom: 0eoliHeie
OMHOWEHUA OMpPe3Kos, oMceKaemsix 08yMA HeNnapanaenbHeIMU 2paHAMU KpUCManna Ha 0cAX KoopouHam
(B opuruHane: Ha mpex nepecekaroWuxca pebpax Kpucmanna), pasHsl OMHOWEHUAM UesblXx Hebosbuiux
yucen. [loKaskem 3TOT 3aKOH, MCXOAA M3 NPeACTaBNeHUIt O TPEeXMEepHO-NEPUOAUYECKOM CTPOEHUU
KpucTannos. PaccmoTpum ABe HeNapannenbHblie rpaHu Kp1cTanna, nepecekaloline KoopanuHaTHbIe ocK (Mam
TpU Nepecekawowwmxca pebpa kpucrtanna) no otpeskam Aj, By, C1 M A;, B, C2 (puc. 5.9). Uamepss 3Tu oTpesKu
B OCeBbIX eAuHMLAX (nepuoaax uaeHTUYHocTu) a, b, ¢, nonyunm, Kak u pavbue: As/a : Bi/b: Cifc=p1: q:
ri, vuAya:By/b:Cyfc=p::q::r. Bosbmem Tenepb ABOHbIe OTHOWEHUA p1/p2 © G1/q2 : ri/ra.
MocKoNbKy p1, 1, 1 W P2, G2, 2 — Lenble YNCna, TO U UX ABOMHbIe OTHOLLUEHUS TaKKe ByayT uenbimu
yucnamu (XoTs opMHapHble OTHOWEHWs pi/pz2 qi1/qz ri/r» — He obssatenbHo uenbie). Takum
obpaszom, 3akoH AloM goKasaH. OH HOCUT elle HasBaHWUA «33aKOH LENblX YMCen» WUAU «3aKoH
PaLMOHaNbHOCTU OTHOLWEHWUIW NapameTpoB».

Y1o6bI Mcnonb3oBaTb 3akoH Alou Ans MopdONOrMYeckoro MHAULMPOBAHUA TpaHen KpucTanna,
BbibepeM napameTpbl OAHOM M3 rpaHei, MoKasaHHbIX Ha puc. 5.9, 3a eAUHULBI U3MepeHUs No
KoopAauHaTHbIM ocam: A1=a, Bi=b, C1=c. Toraa, B COOTBETCTBMM C pesynbTaTaMu npeablayliero
pasgena, umeem a/A;: b/By: ¢/Ca = hy : kit |5, T.e. nonyyaem mHAaeKcbl Munnepa BTopoi rpaHu
pucyHKa 5.9. [lanee, Ucnonb3ys 3T e macwTtabbl, MOXeM NPOMHAUUMPOBATL U BCE OCTa/bHble
rpaHW gaHHoro Kpuctanna. [paHb, BbibpaHHas Hamu 3a maclwTabHyk, HasbiBaeTcA eduHUYHoU
2paHbIO, NOCKONbKY OHa 33afaeT eAUHULbI U3MEPEHUA NO KOOPAMHATHLIM OCAM, U NOCKONbKY ee
cumeon (111) coaepUT TonbKo eauHuubl. Obpawaem BHUMMaHWE, YTO B YACTHbIX C/y4Yasax
HEKOTOpble U3 MHAEKCOB MOryT BbiTb oTpuuaTtenoHbimu, Hanpumep, (1T1) — aTo He BAUAET Ha

«eANHUYHOCTbY rpaHu.
5.6. Bbibop eanMHML M3MEpEHMA NO KOOPAUHATHBIM OCAM.
5.6.1. EAuHMYHanA rpaHb B KPUCTANNAX Pa3HbIX CUHTOHUNA.

MacwTabbl N0 OCAM KOOpAMHAT, @ 3HA4YMT, U e4AUHUYHYIO TpaHb, Henb3s BpaTb NPOU3BO/BHO.
COOTHOWEHNA eaMHUL, M3MEpPEeHWs MO KOOPAMHATHbIM OCAM [OONXHbl COrNacoBbIBAaTbCA €
CUMMETpPUEN KpucTanna, Kak o6 stom rosopunock B pasgene 5.2. Obuwee npasuno gns svibopa
eAVHUYHOW rpaHu cneayollee: eQUHUYHAA 2paHb OOXHA Nepecekams ece mpu KoopOuHAmMHbIX
OCU 8 cOOMEEeMcMeUU o CmereHblo 3KeueaneHmMHocmu ocell — m.e. omcekams pasHbie ompesKu
Ha 3KeusaseHMHbIX OCAX (coemewjaembix 3neMeHmamu CUMMempuu Kpucmanna), u HepasHsie
Oompe3KU Ha HesKeuedaseHMHbIX OCAX (He coemeuwjaemsix 3AemeHmamu cuMmmempuu Kpucmanna).
Pasbepem 310 NoNOXKEHME KOHKPETHO ANA KPUCTANNO0B PasHbIX CUHIOHUMN.

Ky6uveckas cuHzoHuA. Bce Tpn KOOPANHATHBIX OCU SKBUBA/IEHTHDbI (COBMELLLAOTCA OCAMM TPETbEro
nopsaka). Moatomy eguHUYHasA rpaHb AOXKHA OTCEKaTb HAa HUX paBHble OTPe3KM, T.e. BbiTb paBHO
HaKNOHHOM K KOOpAMHATHbIM ocAM. Takomy TpeboBaHUIO OTBEYAIOT rPaHM TeTPasapa UAKM OKTasapa
(8 3aBMCUMMOCTM OT BMAA CUMMETPUN KPUCTANNa). ITU rpaHM U ABAAIOTCA e4MHUYHBIMU FPaHAMM B
KpucTannax Kybuyeckoi cuHroHum, ¢ cumsonom (111). Ha ctepeorpamme npoekumsa eguHUYHOM
rpaHyM 3aHMMaeT CTPOro onpeneneHHoe NONOXeHMe — Ha BbiIXoA4e Ocu TpeTbero nopagka (pwuc.
5.10a). Ha camom gene npu UHOULMPOBAHMM FpaHeW KpUCTanna Kybuyeckol CUHTOHUU HeT
HeobXxoAMMOCTU B eANUHMYHOM rpaHKn. Ha KpucTanne aTux rpaHeit MoXKeT U He BbiTb, U 3TO HUKaK He
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3aTpyAHAeT uHAuuMpoBaHue. [elcTBUTENbHO, TaK KaK eAMHUUbl M3MEepPeHUA No BCeM Tpem
KOOPAWHATHBIM OCAM OAMHAKOBbI a=b=c, TO UHAEKcbl Munnepa MHAUMUMPYEMOW rpaHM MpPoOCcTo
paBHbl OTHOLWEHUID 0bpaTHbIX BennYMH oTpeskoB A,B,C, oTcekaembiX rpaHbl0 Ha KOOPAMHATHbBIX
ocax: h:k:l=a/A:b/B:c/C=1/A:1/B:1/C.

TempazoHaneHas cuH2oHUA. TOPU3OHTaNbHble KoopauHaTHble ocn X U Y 3KBUBANEHTHbI, U He
9KBUBANEHTHbI TpeTbel ocu Z. NoaToMy eAnHUYHAsA rpaHb AO/IKHA OTCeKaTb paBHble OTPe3Ku no
ocam X u Y, n apyroi no BennuymMHe oTpesoK No ocu Z, T.e. a=b#c. Ha cTepeorpamme npoekuus
eAVHUYHOW rpaHun NexuT Ha BuccekTpuce yrna mexgy ocamu X u Y, T.e. eAUHUYHAA rpaHb pasHoO
HaKNOHHa K 3TUM ocam (puc. 5.106). OaHaKo Hann4une TaKol rpaHn He obasaTenbHo. [locTaTouHo,
4yTOBbI MMENach rpaHb, NepecekaoLwan ToNbKO ABe He3KBUBaANEHTHbIX ocu X uZ unn Y n Z, Tak Kak
macwTabbl No ocam X 1 Y paBHbl. Takne rpaHn TaKKe MOMKHO paccMaTpuBaTb KaK eauHUYHbIe,
MOCKO/IbKY OHM 0AHO3HA4YHO 3a4al0T MaclwTabbl MO OCAM, XOTA U He BCe MHAEKCbl B UX CUMBONAX —
eaAnHnUbl, CMMBObI 3TUX rpaHemn, cooTeeTcTeeHHo, (101) u (011).

Pombuueckas, MOHOKAUHHAA, MPUKAUHHAA CUH20HUU. Bce Tpu KoOpAWUHATHLIX OCK
HEe3KBMBA/IEHTHbI, U eMHUYHAA FPaHb AONMXKHA OTCEKAaTb Ha TPeX OCAX HepaBHble OTpe3Ku, azb#c. B
npuHuMne, nwbyro rpaHb, NepecekaroLllyrd BCe TPU KOOPAMHATHLIX OCK, MOXHO BblbpaTb 3a
eauHUYHylo.  Ha cTepeorpamme npoeKums eaMHUYHOM TpaHu NexuT B obliem cayyae
HEeCMMMETPUYHO OTHOCUTE/IbHO BbIXOAO0B KOOPAUHATHbIX ocel (puc. 5.108,r).

Tpu2oHANbHAA U 2EKCA20HAAbHAA CUH20HUU. [NA 3TUX CUHIOHWIM KOOpAMHATHaa cuctema —
yeTbipexocHas. TpU TOPU3OHTaNbHbIX KoopauHaTHbiX ocu X, Y, W 3KBMBaNeHTHbl, TaK Kak
COBMELLAIOTCA NAaBHOW OCbIO CMMMETPUKU. YeTBepTas KOOpAMHaTHas ocb Z He 3KBMBANEHTHA
ropusoHTanbHbiMm ocam. Mo AononHUTenbHOM KoopauHaTHou ocu W BBOAMTCA YETBEPTLIN MHAEKC
i, T.e. CAMBONbI FPaHeN B 3TUX CUHIOHUAX Yemoblpex4yneHHsle, (hkil). OgHaKo YeTBepTbi UHAEKC | He
ABNAETCA He3aBUCUMbIM. Jlerko nokasaTb, 4to h+k=-i, unu h+k+i=0 (cm. AOKasaTenbcTeo B
y4ebHMKax no Kpuctannorpadum).

EAMHMUBI M3MepeHMA NOo Tpem ropusoHTasNbHbIM KoopAauHaTHbiMm ocam X, Y, W aonxHbl 6biTb
OAMHAaKOBbI M OT/IMYHBI OT MacliTaba no yetsepTon ocu Z: a=b=(d)#c. OgHaKo NOHATHO, YTO HUKaKaA
N/IOCKOCTb HE MOXET OTCEKaTb paBHble OTPE3KM NO TPEeM ropU3OHTaNIbHbIM KOOPAUHATHBIM OCAM.
MoaTomy eAMHUYHYIO rpaHb BbIBMPAtOT TaK, YTOObI OHA OTCeKasna OgMHaAKOBbIE OTPE3KKM NOo Nbbim
ABYM U3 TpeX ropu3oHTaNbHbIX KOOPAUHATHbIX ocelt — anbo no X, Y, nmbo no X,W (nam no Y, W, uto
pPaBHO3HAYHO).

B nepsom cny4ae (puc. 5.13) eanHUYHAA rpaHb OTCEKaeT Ha OTPULATENbHOM KOHLe ock W oTpesok
BABOE MeHbLlKi, Yem Ha ocax X u Y. CootsetcTeeHHO, uHAeKc no ocn W byaet sgsoe 6onblue, u
CUMBON eguHMYHON rpaHu — (11Z1). Bo BTOpOM BapuaHTe eAMHUYHAA rpaHb NapanienbHa o4HOM
M3 ropuMsoHTanbHbiXx ocer X uam Y (puc. 5.13), MHOEKC No 3TOM OcCK paBeH HYAI, U CMMBOA
eauHUYHoM rpaHu — (10T1) nmbo (01T1). Mono)KeHue NpPOEKUMA eAUHUYHDLIX rpaHel Ha
cTepeorpamme nokasaHo Ha puc. 5.13.

EamMHWYHaA rpaHb Ha KpucTanne Nobolt CMHIoOHWK, Kpome Kybudeckoi, MoxeT bbiTb BbibpaHa no-
pa3sHomy (npu goctatoyHo boratol orpaHke Kpuctanna). Tak, ANA TeTparoHanbHOro KpMUcTanna,
nsobparkeHHoro Ha pwuc. 5.11, 33 eAUHUYHYKO rpaHb MOXeT bbiTb BbibpaHa Kak rpaHb
TeTparoHa/lbHOM NMpamuabl 1, Tak M rpaHb Apyroi TeTparoHanbHoOM nupamuabl 2. MoHATHO, YTO
CMeHa eANHUYHOM rpaHu BeAeT U K U3MEeHEeHUIO CMMBOJIOB OCTaNbHbIX rpaHen, Tak Kak MeHSAIOTCA

MacwTabHble OTpe3KW NO OCAM KOOopAOUHaT.
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5.6.2. iByeauHMYHbBIE TL

B KpucTannax Hu3WweW KaTeropuMmM maclwTabbl Mo Tpem KOOpPAMHATHBIM OCAM PasnuuHbl, azb#c.
MNoatoMy eAWHMYHAs rpaHb, 3agarwas 3TM MmaclwTabbl, obsAsaHa nepecekaTb BCe TpU OcCU
KoopAanHaTt. OgHaKo TaKoW rpaHn Ha KpUcTasie MOXKET He OKasaTbeAa. B aTom cnyyae gns 3agaHua
eWNHUL, M3MEepeHWa MO KOOpPAWHATHbIM OCAM MWCMONb3YT 08e 2paHU, KaXKdaa M3 KOTOpbIX
nepecekaeT ABe KOOPAMHATHbIX OCU M NapanienbHa TpeTbel ocu (pasHol ans aTUX ABYX rpaHeit) —
puc. 5.14. Takue rpaHu HasbiBakoTCcA 08yeOuHUYHbIMU. OHMU UMEKT MHAEKCHI, paBHble eAUHULLAM,
no ABYM KOOPAWHATHbIM OCAM, U MHAEKC, PaBHbIA HYA, NO TpeTbel ocu. Hynu cToAT B cMmBOAax
OBYeAMHUYHbIX TpaHen Ha pa3HbIX Mo3UyuUaX. BO3MOXKHbIe CUMBONbI ABYeANHUYHbBIX rpaHei — (101)
n (110), nam (101) u (011), mam (110) m (011), An aHanoruyHblie KOMBUHaLKMKU C HEKOTOPbIMU
OTpULLaTEeNbHbIMU MHAEKCAMMW.

PaccmoTpum, Kak onpeaenuts eAuHWLbl M3MEpeHMs No KOOpAWHaTHbIM OCAM, WMCMOAb3ys
ABYeAUHUYHbIe rpaHu. [ycTb NepBaa U3 3TUX rpaHel oTcekaeT Ha ocsax X U Y oTpesku A1 n B1. Otn
OTpesKkM M nNpumem 3a eanHuLbl nameperHma no ocam X u Y, Ai=a, Bi=b. MNycTb BTOpas rpaHb
nepecekaet ocn Y U Z, oTceKkaa Ha HUX oTpe3ku B, un C,. OTpesok B, B obuiem cnyyae He paBeH
oTpesky Bi, T.e. 3aduKcMpoBaHHOM eanHULLE M3MepeHUs Nno ock Y. Mbic/ieHHO NnepeHecem BTOPYIO
rpaHb napannenbHo camoi cebe Tak, UTobbl oHa oTcekna Ha ocn Y oTpesok B2 =Bi=b (HaknoH rpaHm
2 K KOOpAMHATHbIM OCAM MpW 3TOM He U3MeHUTCA). Tenepb rpaHb 2 OTCEKAeT Ha ocu Z OTpe3oK
Cy'#C. ITOT HOBbIM OTPE3OK Y MPUMEM 3a eAUHULY n3MmepeHua no ocn Z, Ca'=c.

Kak 1 B cnydae egUHUYHOM rpaHu, Napbl ABYeAMHUYHbIX TpaHelr MoryT 6biTb BbiBpaHbl Ha KpuUcTanie
no-pasHomMy — cM. Hanpumep puc. 5.15. Npu nameHeHnn sbibopa ABYeAMHUYHDBIX rpaHen ByayT, Kak

npaenIo0, MEHATBCA M CUMBOJbl OCTa/ibHbIX rpaHeﬁ KpucTanna.

5.7. OnpegeneHne cMMBO/IOB rpaHen.

Bbi6pas egMHUYHYIO rpaHb UAK ABe AByeAUHUYHbIE FPpaHu, T.€. 33438 MacluTabbl N0 KOOPAUHATHBIM
0OCAM, MOXeM Tenepb NPUCTYNUTb K UHAUUMPOBAHUIO OCTa/IbHbIX rpaHel Kpuctanna. [Ana atoro: a)
npoanaem MbICNIEHHO UHAMLUMPYEMYIO FpaHb A0 €e MepecevyeHus ¢ KoopAUHaTHbIMU ocamu; 6)
onpepaensem BenuyuHbl oTpeskos A, B, C, KOTOpble OHa OTCEKAEeT Ha OCAX; B) U3MepsAeM 3TU OTpe3Ku
B 0ceBbIX eanHuLax (macwrabax), pasaenns Ux BeMYMHbI Ha maclTabol A/a, B/b, C/c; r) bepem
oTHoweHuA obpaTHbIX BennumH a/A: b/B : c/C; o) npusogum K obLiemy 3HameHaTeNlo U CoKpaLLaem
[0 B3aMMHO NpocTbix Yncen h:k:l; e) 3anucbiBaem nonyyeHHble YACNa B KPYI/biX CKOBKax ¢ yyeTom
nx sHakos (hk/).

Pasbepem HECKO/IbKO NPUMEpOoB.

Kybuuyeckas cuHzoHus. Ha puc. 5.16 nsobparkeH Kpuctann rpaHata 8 Gopme TeTparoHTPUOKTas4pa.

EANHMYHAA rpaHb OKTasapa OTCYTCTBYET, HO OHa B A@HHOM C/ly4ae M He HyXKHa, TaK Kak macluTabbl
Nno KOOpAMHaTHbIM OCAM OAWHaKoBbl. [lOCTaTOMHO M3MepuUTb OTPEe3KWU, OTCeKaemble
WHAWNLMPYEMBIMK FPaHAMM Ha KOOPAMHATHbIX ocAX. [paHb, nomevyeHHda yugpoli 1, oTcekaeT
oAMHaKoBble 0Tpe3KM Ha ocax X U Y, 1 BABOe MeHblUKMI 0Tpe3oK Ha ocu Z. MapameTpsbl rpaHn 1, 1,
%. bepa oTHoWeHWUA obpaTHbIX BENMYKMH, nonydaem 1 : 1 : 2, oTKyga cumeon rpanu (112). MpaHs 2

OTCeKaeT 0MHaKoBble OTpe3KKM Ha ocax Y 1 Z, npu 3Tom ocb Y rpaHb nepecekaeT ¢ oTpULUaTeIbHoro
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KoHua. MNo ocu X 3Ta rpaHb OTCEKaeT BABOE MeHblW oTpesok. MapameTpbl rpaHmn %, -1, 1,
OTHOLWeHWe obpaTHbIX BennymH 2 : -1 : 1, u cumson (2T1). AHaNOrMYHO NONYYUM U CUMBOJbI BCEX
OCTa/bHbIX rPAHen TeTParoHTPMOKTas4pa, NoANMCaHHbIe OKO/I0 UX NPOEKLUMM Ha cTepeorpamme.

TempazoHanbHas __cuHzoHus. Ha puc. 5.17 nokasaH KpUCTann, oOrpaHeHHblId Tpems

TeTparoHanbHbiMKM nupamugamm 1, 2, 3, TeTparoHanbHoW npuamon 4 u mMoHo3apOM 5.
fopu3oHTanbHbie OCKM KOOPAWMHAT BbibpaHbl MO NepneHAUKYNApPam K MNAOCKOCTAM CUMMETPUM,
NpoxoAswWmm Yepes pebpa npuambl. 3a egMHMYHYIO FPaHb MOXHO B3ATb rpaHb Ntobolt us Tpex
nupamug. OpgHako npeanodTUTeNbHO WMMeTb 6AM3KME Mo BefMMMHe MacwTtabbel  no
HeakeuMBaneHTHbIM ocam X (Y) u Z. 3Ttomy ycnosuio oTeevaeT epaHs 1, oTceKarowaa no ocam X, Y
paBHble oTpeskn Ai= Bi u 6amnskuin no sennyumHe otpesoK Ci no ocn Z. 3To M ByayT eanHUUbI
M3MepeHua No KoopauHaTHbIM ocam A1=Bi=a(=b), C1=c. Cumson rpaxu (111).

Tenepb npouHAUUMpPYeM 2paHb 2. [lepeHecem ee MbiCIeHHO NapannenbHo camoii cebe TaK, YTobbI
OHa oTceKana Ha ocax X, Y otpe3ku A1=Bj, T.e. eanHuMUbI. Mo ocn Z rpaHb 2 NpU 3TOM OTCEYET OTPE30K
C;, sasoe bonblwinia, vem otpesok Ci=c. MNapameTtpsbl rpaHu 2 6yayT 1, 1, 2, oTHOWeEHUA o0bpaTHbIX
BennumH 1:1:1/2,mnm2:2:1, ncumson rpaHm 2 paseH (221).

MocTynnum aHanornyHo c eparHsro 3. NycTb nocne napannenbHoro rpaHu nepeHoca B ToMKKU A, B1 Ha
ocax X, Y oHa oTceyeT Ha ocu Z oTpesok C3=-5/2C1. Toraa obpaTHbie OTHOLEHWUA NapaMeTpoB rpaHmu
eyayt1:1:-2/5, n cumson atol rpaHu (552Z). Ecamn Ha rnas TpyaHoO onpenennTb, BO CKO/IbKO pas
oTpesoK C; 6onblue, yem Ci, MOXKHO 3anucaTb CMMBOA rpaHu B obliem suae (hhl), ykasas, uto h>l.
Bosbmem Tenepb epaHe npusmel 4. OHa napannenbHa ocu Z, T.e. ee NapameTp Mo 3ToM Ocu paseH
6eckoHeyHocTU. Mo ocam X u Y rpaHb oTceKkaeT pasHble oTpeskn Ay=Bs. ABcontoTHaA BeNMYMHa 3TUX
OTPe3KOB He MMeeT 3HauyeHMA, NOCKObKY MacluTabbl no ocam X u Y oguHakossl, a=b, u As/a : Bs/b
= 1:1. Wtak, napameTpsbl rpaHn 4 6yayT 1, 1, co, oTHoweHUA 0bpaTHbIX BenuumnH 1:1:0, u cumeon
rpanu (110).

HakoHel, Bo3bMem 2paHb MOHO30pa 5. OHa napannenbHa ocam X U Y, n napameTpbl N0 3TUM OCAM
oo n co. MNapameTp no ocu Z paseH Cs/C1=Cs/c. Bo ckonbko pas Cs bonblie nam merble Ci=c, He
UMeeT 3HaYeHus. [leMcTenTensHo, B3as obpaTHbIe OTHOLWEHWA NapameTpos, noaydmm 1/oo : 1/oco:
¢/Cs = 0:0:1, TaK KaK COKpallaeM UHAEKCbl A0 B3aMMHO NPOCTbIX YyMucen. CUMBOA rpaHn 5, TakUm
obpasom, paseH (001).

MoHokauHHas cuH2oHus. Ha puc. 5.18 nsobparkeH Kpucrtann peanbrapa AsS, Buga cummeTpum 2/m,

orpaHeHHbI NMHakouaamu 1, 2, u pombuyeckumu npuamamu 3, 4, 5, 6. YctaHOBKa MOHOKIMHHbBIX
KPUCTANN0oB, KaK roBOPWU/I0Ch, HEOAHO3HA4YHa — KeCTKO 3aKpensieHa Nnlb ocb KoopauHar Y||L;. Ocb
Z BblbUpaem napannenbHo ock Hanbonee pasBMTON 30HbI (rpaHu Npuam 3, 4 U nMHakouaa 1). Ocb
X Hanpaensem BAONb MeprneHAUKYAspHOM L, ocu 30HbI, CNOXKeHHOW rpaHamm 2, 5, 1. 3Ta ocb
HaKNoOHeHa Ha Habnwpatens.

EavHcTBeHHas npoctas ¢opma, rpaHM KOTOPOW NepecekaloT BCe TPUM KOOpPAMHATHble OCU —
pombuyeckasa npuama 6. [paHe 6 Mbl 1 Bbibepem B KavyecTee egMHUYHOM rpaHu. MNocKonbKy ocb Z
3Ta rpaHb NepeceKaeT C OTPULATENbHOrO KOHUA, cMumBoa rpaln 6 — (11T). XoTa BCce MHAEKCbl —
edWHMUpbl, MacwTabbl MO TpemM KOOpAMHATHbIM OCAM He paBHbl, Aj=a # Bi=b # Ci=c.
MNpouHanLMpyem c 3STUMKU MacliTabamn ocTanbHble rpaHu.

lpaHe 1 nepeceKaeT TONbKO OAHY KoopAuHaTHYK ocbk Y, U napannenoHa ocam X n Z. Mbl yxe

BUOENU, YTO ANA TAaKOW FpaHn CUMMBOJI COCTOMUT U3 ABYX Hynel u eauHUubl (rpaHb 5 Ha KpucTanne
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puc. 5.17). B gaHHOM cnyyae eguHULLE paBeH MHAEKC k, TaK Kak rpaHb 1 nepecekaet ocb Y. Cumeon
rpalm 1 —(010).

[paHb 2 TakKe nepeceKaeT TO/IbKO 0A4HY KoopAMHaTHYo ock Z. Ee cumBon byaeT (001). Obpalaem
BHMMaHMe, YTO B KOCOYTO/IbHbIX CUHIOHMAX rpaHb (001) NpoeKTUpYeTca He B LLeHTP Kpyra NpoeKuuii,
NOCKONbKY Ocb X He nepneHAUKYNApPHa ock Z, U COOTBETCTBEHHO, rpaHb (001) He nepneHAMKynApHa
ocn Z.

lpaHb 3 oTcekaeT no ocam X M Y Takue e OTpesKu, Kak U rpaHb 6, U napannenbHa ocu Z, T.e.
napameTtpbl rpanu 1, 1, oo, u cumeon (110),

lpaHb 4 nepeHecem napannesnbHo camold cebe B TouKy A; Ha ocu X . Torga Ha ocu Y oHa bygeTt
OTCeKaTb OTPe30K, paBHbI yaBoeHHOMY oTpesKy Bi. Ocu Z rpaHb 4 napannenbHa. Takum obpasom,
napameTpbl rpaHmn 1, 2, co. OTHoweHnA obpaTHbIX BenmumnH 1 : % : 0, uan, nocne npueegeHua K
obLemy sHameHaTtento, 2 : 1: 0, M cumeon rpaHu 4 paseH (210).

lpaHb 5 napannenbHa ocu X, T.e. UHAEKC h paseH Hynto. [NepeHecem rpaHb 5 napannensHo camol
cebe TaK, UTobbl OHa nepecekana ocb Y B Touke B1. Toraa ocb Z oHa 6yaeT nepeceKkaTb B TouKe Cs=Cy,
T.e. OTCeKaTb eAMHUYHbIN OTpe3oK. MHAeKcbl k u | , cnepoBaTenbHO, paBHbl eauHMuam. Cumson
rpanu 5 6yner (011).

Ecnn 6b1 Ha KpucTanne puc. 5.18 oTtcytcTBoBana pombuyeckas npusma 6 ¢ egUHUYHOM rPaHblo,
MOXHO 6blio 6bl BOCNONb30BaTbCA ANA BblbOpa eauHUL, USMEpPEHUA NO OCAM 08YyeOUHUYHbIMU
2paHamu 4 u 5 c cumeonamu (110) n (011) cooTeeTcTBeHHO. CMMBONBI OCTa/IbHbIX FPaHen Npm aTom
He n3meHunuchb bbl. B KayecTBe AByeAMHUYHBIX TPAHEN MOXKHO Oblno Bbl TakKe B3ATb 2paHU 3 u 5,
M Toraa y rpaHu 3 cumson 6bin 6bl (110). IpaHb 4 uameHuna 6bl cson cumeon Ha (120).
[elicTBUTENbHO, NepeHeceM rpaHb 4 napannensHo camoin cebe B TouKy As=a , N0 KOTOPOM rpaHb 3
nepecekaet ocb X. Torga Ha ocu Y rpaHb 4 oTceKaeT oTpe3oK By, BABOEe MeHbWU eAUHUYHOro
oTpesKaBs=b, ee napameTp no aToi ocu 1/2, U UHAEKc 2.

TpuzoHanbHasa cuH2oHUA. Ha puc. 5.19 nokasaH KpucTann keapua, Bua cummeTpumn Li3L,=32.

KpuvcTtann orpaHeH cTaHgapTHbIM AnA KBapua Habopom npocTbix ¢opm — Bonblivm M mManbim
pombosgpamu 1 1 2, TPUroHaAbHOW AMNUPaMMA0N 3, rekcaroHanbHOM NPU3MOM 4 U TPUTOHANbHBIM
Tpaneuosgpom 5. lopusoHTanbHble KoopauHaTHble ocu X, Y, W Hanpaensem BAO/Ib OCEW BTOPOro
nopsaka.

3a eQUHU4YHYIO TpaHb Bblbepem e2paHe 1 Honbworo pombosgpa, OTCEKaOLWYH Ha KOOPAUHATHbIX
ocax X n —W pasHble oTpesku A1=Di=a 1 napannenpHyto ocu Y. Ha ocu Z rpaHb 1 oTekaeT oTpesok
Ci=c. B cooTBeTcTBMMU € pasgenom 5.6 cumson aTtol rpaHu (10T1).

[paHe 2 manoro pombosgpa oOTCeKaeT paBHble OTPe3KM Ha KoopaMHaTHbIX ocax Y wn —W,
napannenbHa ocu X, U Ha ocu Z oTceKaeT TaKou e oTpe3ok Ci, Kak u rpaHb 1. Cumeon rpaHu 2 byaer
(01T1), T.e. ee TaKkKe MOXHO paccMaTpMUBaTb Kak eAUHUYHYIO rpaHb, SKBMBANEHTHY rpaHu 1 (Ho
obpauiaem BHUMaHUe, YTO 3TO FPaHU Pa3HbIX NPOCTbIX GOPM, XOTA U O4HOTO HAMMEHOBAHUA).
paHb 3 TpUroHanbHOM AUNUPaMUAbl OTCEKAET Ha KOOPAWHATHbIX ocax X U Y paBHble OTpesKu
A3=Bs3; Ha ocu —W oOHa oTcekaeT BABOE MeHblMil oTpe3oK, —D3=As/2. Mpu aTom oTpesok D3
npuMepHo paBeH oTpe3Ky Di, KOTOpbiA OTcekaeT Ha 3Toi ocu rpaHb 1, T.e. D3=Di=a. Torga
A3=B3=2D3=2a. MNapameTpbl rpaHM 3 No ropusoHTasbHbiM OcaMm ByayT, cneposatensHo, 2, 2, -1.
Otpesok C3, oTcekaemblii rpaHbto 3 Ha ocu Z, Basoe bonblue oTpeska Ci, T.e. C3=2C1=2¢, U napameTp

rpaHu 3 no 3Tol ocu Takke byaer 2. bepsa obpaTHble oTHOWeEHWA napameTpos, 1/2 :1/2:-1:1/2
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mnn 1:1:-2:1, nonyyaem cumeon rpaHu 3 pasHoim (1121). B cooTBeTcTBUM € pasaenom 5.6 ato TakxKe
ef4NHMUYHaA rpaHb, BblIBpaHHaA Mo BTOPOMY M3 PAacCMOTPEHHbIX B 3TOM pasiesie BapUaHTOB..

paHb 4 rekcaroHa/IbHOM MPU3Mbl OTCEKAET Ha 3KBUBANEHTHbIX ocax X u —W paBHble OTpesku, 1
napannenbHa KoopAuHaTHbIM ocam Y 1 Z. CUMBON COAEPUT ABe eAnHULDbI 1 ABa HyAs, (10T0).
paHb 5 TpUroHanbHOro Tpaneuosgpa 3aHMMaeT obliee NoNOXKEHME, OTCEKAA HAa KOOpPAMHATHbIX
OCAX HEPABHOE YMC/I0 €AMHUYHbIX OTPE3KOB. TOYHO M3MEPUTL NapameTpbl rPaHn B eguHULAx A1=a
n Ci=c 3aTpyAHWUTENbHO, U CMMBO/ FPaHX paLMOHaNbHO 3anucaTb B obwem Buae (hKil), ykasae
COOTHOLWEHMA Mexay uvHaekcamu. Camblii KOPOTKMIA OTPe3OK rpaHb 5 oTceKaeT Ha ocu —W,
cneaywowmii No BennMuuHe — Ha ocu X. OTpesoK, oTceKaemblid rpaHbio Ha ocu Y, 3Ha4YMTeNbHO
Gonblue, paBHO KaK M OTPe3OoK, OTceKaembl Ha ocu Z (macwTtab no ocn Z, Ci=c, 6AMB0K K
macwTabam no ropusoHTanbHbIM ocam Ai=a). lMockonbKy MHAeKcbl Munnepa obpaTHbl napameTpam
rpaHW, TO COOTHOLWIEHMA WHAEKcoB byayT -i>h>>k=l. [lanee Mbl NoOKaXem, Kak B TaKMX cayyaax

MOXHO onpegennTb UHAEKCHI CYLLLECTBEHHO TOYHEE, UM AaxKe abcontoTHO TovHo (pasgen 5.10).

5.8. Tunbl cumBONOB rpaHeit

Ha paccmoTpeHHbIX Npumepax BUAHO, KaK XapaKTep CMMBONA FPaHU 3aBUCUT OT ee MOJIOXKEHUA
OTHOCUTE/NIbHO OCeN KOOPAMHATHOM CUCTeMbl, CBA3aHHOM € KpucTannom. [aamMm KpaTKyr CBOAKY
BO3MOXHbIX TUNOB CUMBO/IOB rpaHeit KpUCTanos..

1. FpaHb NepeceKaeT o4HY KOOPAUHATHYIO OCb W MapannenbHa AByM Apyrum ocsim. CUMBON rpaHu
COCTOMT U3 eaMHMLbI (MO Nnepecekaemolt ocn) m Asyx Hynew: (100), (T00), (010), (0T0), (001), (00T).
Takue rpaHM Has3bIBaOTCA KOOPOUHAMHbLIMU — NEepBON, BTOPOW MAU TpeTbel KOOpAMHATHOM, B
3aBMCUMOCTU OT TOrO, KaKylo KOOPAMHATHYIO OCb NepeceKaeT rpaHb (Ha Kakom mecte B cMMBO/E
CTOUT eaMHMLA).

2. [paHb napannenbHa O4HOM U3 KOOPAMHATHBIX Ocel. MHAEKC No 3TOM OCU paBeH Hyo, U CUMBO
rpaHu — (0kl), (hOl), (hk0), ¢ NONOXWUTENbHBIMM UK OTPULETE/IbHBIMU 3HAYEHUAMM HEHYNEBbIX
UHAOEKCOB.

3. MpaHb NapannenbHa O4HOM U3 KOOPAWHATHBIX OCEN, a Ha ABYX APYr1X OCAX OTCEKAeT OANHAKOBOe
yucno macwTabHbix oTpeskos. CUMBOA rPaHU COCTOMUT U3 ABYX eaAnHUL 1 Hyaa: (110), (101), (011) n
aHaNorM4yHble CMMBOJ/IbI C MWHYCaMM Haj, oAHOW wau AsymAa eauHuuamu: (T10), (0TT) v T.m.
Obpallaem BHMMaHWE, YTO abcoNOTHbIe 3HAYeHMA OTCeKaeMbIX Ha OCAX OTPEe3KOB MOryT 6biTb
HepaBHbIMW, €C/IM OCU He 3KBMBaNEHTHbI.

4. MpaHb NepecekaeT TPM KOOPAMHATHbIX OCU, U Ha ABYX M3 HUX OTCEKaeT OAMHAKOBOE YMC/o
MacwTabHbIXx 0Tpe3KoB. MHAEeKCbl Mo 3TUM ABYM ocam ogauHaKosbl: (hhl), (hkh), (hkk) v T.n.

5. MpaHb nepecexkaeT TPW KOOPAMHATHbIX OCM, M Ha BCEX OCAX OTCEKaeT OAMHAKOBOE YMCNO
MaclWwTabHbIX OTpe3KoB. ITO eAMHWYHaa rpaHb (111). A6contoTHble BeNUYUHbI OTCEKaeMbIX
OTPEe3KOB NPW 3TOM pPaBHbl TO/IbKO A/18 3KBUBA/JIEHTHbIX OCeMN.

6. MpaHb nepeceKkaeT TPU KOOPAMHATHLIX OCM, OTCEKAs Ha HUX pPasHOe 4YWCNOo MacliTabHbIX
OTpe3KoB. 3To rpaHb 0bLero NosoXKeH1A c cumeosiom obuiero suaa (hkl), h#k#l.

7. UHpeKcbl ABYX NapanfienbHbIX rpaHeit pasHbl No abcoNtoTHOM BeNMUYUHE, HO NPOTUBOMOOXKHbI
no 3HaKam.

Ewe pas HaNOMHUM, YTO MHAEKCbI B CUMBOE FPaHN OTPaXKaloT HAK/NOHbI FPaHU K KOOPAWHATHbIM

OCAM OMHOCUMEebHO HAKAOHO8 e0uHUYHOoU 2paHu. NepeHoc rpaHu napannenbHo camoi cebe He
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M3mMmeHAEeT ee Hak/IOHOB K KOOPAWMHaTHbIM OCAM M, COOTBETCTBEHHO, HE MEHAET CUMBOJ1A TPaHU. Mbl
NOCTOAHHO MOJ/Ib30BA/INCb TaKUMKU NepeHocamu rpaHuM nNpu ee nHaMuuposaHuum (paspen 5.7).
OTcrofa cnegyerT, 4TO Y KPUCTaNN0B OAHOIO M TOro e BelecTsa (M npy oguHakosoi yctaHosKe!)
CUMeos1bl coomeemcmeeHHbIX 2paHell 00UHAKo8b!.

[na gaHHOro Kpwucranna, npy AaHHOW ero ycTaHOBKe, M Npu AaHHOM Bblbope eAUMHUYHOW rpaHK,
WUHOEKC B CMMBONE rpaHM Tem 6onblue, YeM Kpyye rpaHb HaK/OHEHa K COOTBETCTBYIOLLEN
KOOpAMHATHOM ocu (MeHblle oTceKaeMblt Ha OCU OTPE30K).

5.9. Cumsonbl npocTbix popm

[na pasHbIx rpaHeit ogHoM NpocTon Gopmbl YNCEHHbIN Habop MHAEKCOB B MX CUMBOMIAX OAUH U
TOT Xe. CUMBO/IbI pa3HbiX rpaHelt pasnuyaroTca M6o NopAaAKOM U 3HaKaMU MHAEKCOB, MO0 TONbKO
ux 3Hakamu. B Kauectse npumepa Ha pwuc. 5.166 paHa crepeorpamma npocton dopmbl
TETParoHTPUOKTasApa, U y NPOEKLUUN KaXKaoM rpaHu nognucaH ee CMMBOA — BUAHO, YTO BCe 3TU
CMMBO/IbI COCTOAT U3 ABOMKM WU ABYX €4MHUL, 3aMMUCaHHbIX B Pa3HOM MOpPAAKe U C pasHbiMM
3HaKamMm.

MmeHHO ans Toro, 4Tobbl AaHHOe npasuao cobnganock ANA BCEX CUHTOHWM, U UCNONb3YIOTCA
YyeTblpeXMHAEKCHbIE CUMMBO/bI B TPWUrOHANbHOM W TreKcaroHanbHOW CUHroHMAX. PaccmoTpum,
Hanpumep, CMMBO/Ibl FpaHen rekcaroHanbHOW NPU3Mbl, NepneHANKYNAPHbIX KOOPANHATHLIM OCAM
X, Y, W (puc. 5.20). B yeTbipexnmHaeKCHOM cUCTEME CUMBO/Ibl BCEX FPaHei COCTOAT U3 ABYX eAUHULL,
1 ABOMKM NO rOPU30OHTANbHbIM OCAM U HYNS MO BEPTUKANBbHOM OCH, T.€. YUCNEHHbI Habop MHAEKCoB
OAMHAKOB ANA BCeX rpaHel AaHHOM npocton ¢popmbl. [Na pasHbIX rpaHen MEeHAKTCA TO/bKO
NOPALOK NepsbiX TPeXx UHAEKCOB M MX 3HaKW. Tenepb ybepem U3 CMMBONOB AOMONHUTE/IbHbIE
nHAeKebl i. Toraa cMMBONbI HEKOTOPbLIX rpaHent ByayT COCTOATb M3 ABYX eAMHUL, U HYNA, a APYrUX
rpaHer — U3 eauHULDI, ABOUKM U Hyna (puc. 5.20). Takum obpasom, B TPEXMHAEKCHOW cucTeme
obuee NpaBMIO ANA CUMBOIOB rPaHen ogHoM npocTon dopmbl He cobnogaertca.

Obpaujaem BHUMaHMeE, YTO 3TO NPABMAO CNPABEA/IMBO UMEHHO M TONbKO B NPAMON GOPMY/IUPOBKE
—T.e. CMMBObI rPaHen oAHOM NPOCTo GOPMblI UMEIOT OAUHAKOBbLIN YUCNEHHbINM Habop MHAEKCOB,
ObpaTtHoe He BepHO. O4MHAKOBbBIN YUCNEHHDbIM HAabOp MHAEKCOB BOBCE HE FTOBOPUT, YTO Mbl UMeeM
OeNno ¢ rpaHamMM ofHoM npoctoit popmbl. Tak, B NPUMUTUBHOM BUAE CUMMETPUU KyBuuyecKoi
cuHroHmmn rpavm (111) u (T1l)npuHapne)kaT ABYM pasHbiM TeTpasgapam. B TeTparoHanbHol
CUHroHWUK rpanu (100) n (001) — aTo rpaHK TeTparoHanbHOM NPU3MbI M MMHAKoOMAA UAWM MOHO34pa,
“ T.n. Bonpoc o NpuUHagNexHOCTU rPaHn K oagHOM npocToi dopme pellaeTca He Mo CMMBOJIaM
rpaHei, a No TOMy, CBA3aHbl 3T rPaHM 31eMEHTaMU CUMMETPUU UK HeT.

B KayecTse cMmBOa NpocToit GOpMbl MCMONL3YHOT CUMBON OAHOW N3 ee rpaHelt C MaKCMMabHbIM
YUCNOM TMONOMKUTENbHBIX MHAEKCOB, 3aK/NOYeHHbI B ¢urypHole ckobku. Tak,  cumeon
TeTparoHTpUoKTasapa (puc. 5.16) 6yaet {112}, cumson rekcaroHanoHom npusmsl (puc. 5.20) paseH
{11Z0}. Cumeonbl Bcex npocTbix popm ans 32-x BUAOB CUMMETPUM NpeacTaBaeHbl B Tabauue 4.2 —
BO MHOTUMX cny4Yasx B obuwem suae, 6e3 YncneHHbIx 3HaYeHU MHAeKcoB. [1o cumBOIam Mbl MOXKeM
pPasNuUNTb OAHOMMEHHbIE MpocTble ¢GOPMbl C pPasHbIM HaKAOHOM rpaHel OTHOCUTENbHO

KOOpAMHaTHbIX ocell — Hanpumep, ABa TeTparoHTpuoKTasapa {112} n {223}.
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5.10. UHAMUMPOBaHME rPaHeN C UCNob30BaHUEM 3aKOHa 30H Beiica.

5.10.1. 3aKkoH 30H Beiica. BbiBOg BO3MOXHbIX rpaHeid KpUcranna MeToga0m pa3BuTUA 30H.

Mopdonoruyeckoe UHAULMPOBaAHUE rpPaHen KPUCTaNNoB CcyllecTBeHHO obnerdaetca npu
MCNONb30BaHMM 3aKOHa 30H. B pasgene 3.5 mbl BBEAM MOHATME 30HbI, OKa3aBLUEECA O4YeHb
NonesHbiM NpW MNPOEKTUPOBaAHUKU rpaHein Kpuctannos. HanomHum, 4YTo 30HOU HasbiBaeTcA
KOMMNAEKC rpaHen, nepeceKkallWmMxXxca B nNapannenbHbix pebpax (T.e. napannencHbiX oAHOMY
Hanpas/ieHMI0). Ha cTepeorpamme rpaHu 04HOM 30HbI /1eXKaT Ha o4HoM gyre 6bonbloro Kpyra (ayre,
onupalrowenca Ha AuameTp Kpyra npoekumi) — cm. puc.3.5. Ecan rpaHb NpuUHAaNeXuT
OAHOBPEMEHHO [ABYM 30HaM, €e MPOEeKUMA NEeXWUT Ha nepecevyeHun ayr Gonblwioro kKpyra —
NpPoeKkuMit 3TUX 30H. IJTO ABAAETCA CNeAcTBMeM OAHOro U3 dyHAaMeHTa/lbHbIX 3aKOHOB
reomeTpuYeckon Kpuctannorpadpum —3aKkoHa 30H (noacoe) Belica: nnockocme, napannensHaa 0eym
nepecekarowumca pebpam Kpucmanna, npedcmaensem coboll 803MOMCHYIO 2paHb Kpucmannd, d
nNpAMas, napasnesnsHAs AUHUU NepecevyeHUs 08yx spaHel Kpucmannd, Aea18emcs e20 803MONCHbIM
pebpom.

Ha ocHoBe 3aKoHa 30H MOXHO rpaduyeckm Ha cTepeorpamme BbIBECTM BO3MOMKHbIe rpPaHu
KpUcTanna u 3atem NPOMHAMUMPOBATL MNOJNYyYeHHble rpaHu. Takol cnocob BbiBOAa rpaHem
KpUCTanna HoCUT HassaHMe Memod pazeumus 30H. B kKauecTse McxoaHbIX 0B6bIMHO UCNONBL3YIOT TPU
napbl KOOPAMHATHLIX FPAHEW M eAMHUYHYIO TpaHb (XOTA MOMHO B3ATb NtOOble YeTblpe rpaHy,
Ne)aline nonapHo B Tpex nepecekalolmxca 3oHax). Obpauwaem BHMMaHWe, YTO daKTUYEcKoe
HanMuYMe KOOPAWMHATHbIX rpaHerd Ha Kpuctanne He obsasaTenbHo. Ecnu BbiNONHEHa yCTaHOBKa
Kpuctanna (ebibpaHbl KOOpPAWHATHbIE OCK), TO NONIOXKEHME Ha CTepeorpaMme, KOTOpOe AONXKHbI
3aHMMaTb NPOEKLUMU KOOPAUHATHLIX rpaHen, onpeaenseTca OAHO3HA4YHO — NO NapannenbHOCTU
KaXK40M M3 KOOPAMHATHbIX TPaHel ABYM KOOpAMHATHbIM ocam (cm. puc. 5.21).

[Ona pemoHcTpauun MetToAa passuTUsA 30H PaCCMOTPUM CTepeorpammy pomObuyeckoro Kpucranna,
Ha KOTOPOM HaHeceHbl NPOeKUMN KOOPAMHATHbIX rpaHei n eanHUYHOM rpanu (puc. 5.22).

1. Mpoeeaem 30HbI (Ayrn Bonbluoro Kpyra) Yyepes KoopauHaTHble rpaHu (100) — (010), (100) — (001),
(010) - (001) — puc. 5.22a.

2. MpoBeaem 30HbI Yepes eAUHUYHYIO rpaHb U KoopAauHaTHble rpanm (111) — (100), (111) — (010),
(111) — (001). NepeceyeHue 30H TMNA 2 ¢ 30HaMKM TUNa 1 4acT, B COOTBETCTBUM C 3aKOHOM 30H, TpU
HOBble BO3MOXHble rpaHun 1, 2, 3 — puc. 5.226.

3. lNpoeegem 30HbI Yepes 3TU HoBble rpaHn 1 -2, 1 —3, 2 — 3, n nony4um ewe Tpu rpaHn 4, 5, 6 —
puc. 5.228.

4. MpoBoas pAanee 30Hbl Yepe3 MNPeXHWEe M BHOBb MOJlyd4aemMble rPaHW, MOXKeM BbIBECTU
H6ecKoHe4YHOe KONMYECTBO BO3MOXHbIX rpaHei Kpuctanna.

Tenepb BCTaeT BONPOC, KAKME U3 3TOrO0 MHOXECTBA BO3MOXHbIX rpaHei MoryT peanbHO NOABNATLCA
Ha KpucTanne. OTBeT AaeT pacCMOTpeHHbIN B pasaene 4.8 3akoH bpase. MNepedopmynmpoBaHHbIi C
TOYKM 3PEHUs CUMMBO/IbHOM XapaKTepUCTUKW rpaHel, 3akoH bpase rnacut, uYTo Kpucmann
02paHAEMCcA 2pAHAMU € ManbIMU 3HaYeHUAMU uHOekcoe Musnnepa (MMeHHO Takue rpaHu MMeroT
Hanbonee BbICOKME pPeTUKYAAPHble MAOTHOCTM). «ManbiMm» ABNAKOTCA 3HAYEHUA WMHOEKCOB B

npepenax 0 -5, pegko go 10. Takum o6pasom, NPOUHANLMPOBAB NONYYEHHbIE NYTEM PAa3BUTMA 30H
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rpaHn, Mbl MOXem OT06paTb TEé U3 HUX, NOABAEHME KOTOPbIX B OrpaHke KpwcTanna Hanbonee
BEPOATHO.

Mepeligem Tenepb cOBCTBEHHO K ONpeaeneHnio CUMBO/IOB FpaHe.

5.10.2. 3o0HanbHbIE U3MEeHeHUAa uHaeKkcos Munnepa

KauectBeHHO (Ha ypoBHe «bonblue-meHblIe») MHAEKCbI FPaHu B e CUMBOIE MOXKHO OnpeaenaTb
MO MOMIOXKEHUIO MPOEKUUM TFPaHM Ha cTepeorpamme, MCMONb3yA 3aKOHOMEPHOCTM 30Ha/bHbIX
Bapuauuni nHaekcos Munnepa. B KayecTse penepHbIX NPM 3TOM BbICTYNAKOT KOOPAMHATHbIE rPaHn
(100), (010), (001) 1 eauHMYHaA rpaHb (111).

PaccmoTpym 30HY, NpoXoZALLy Yepe3 napy napaniefibHbiX KOOPAWHaTHbIX rPaHen KpucTanna,
Hanpwumep, (100) 1 (TO0) — puc. 5.23a. Bce rpaHu 3TOM 30HbI NapannenbHbl OAHOMY HanNpPasAEHUIo
(ocK 30HbI), BEIXOA KOTOPOrO Ha CTepeorpamme rnokasaH KeagpaTukom. CnefosaTenbHO, BCe rpaHn
3TOW 30Hbl NepeceKaloT KOOpAMHATHYI MAocKocTb YZ no napannenbHbiM npambiMm. Moatomy
OTHOLUEHME OTPE3KOB, OTCEKaeMbIX BCEMM 3TUMWU rPaHAMM Ha KoopauHaTHbiX ocax Y u Z, T.e.
OTHOLWeHWe napameTpos rpaHeit Bi/C, o4HO 1 TO Xe. 3HAYMUT, MOCTOAHHO M OTHOLEHWe UHAEKCOB
rpaHent no ocam Y n Z, k : | = const. B cepum 30H, NpoxoaaLmMX Yepes rnepeble KOOpAMHATHbIE FPaHu,
oTHoweHue k : | pacTeT 8 HanpasBneHUM Bbixoaa ocu Y Ha cTepeorpamme, U NagaeT B HanpasAeHUU
Bbixoaa ocu Z (puc. 5.23a). B 30He 3TOM cepun, npoxodAallen Yyepes eaMHUYHYIO rPaHb, UHAEKCbI k
n | pasHbl (Ho He obsszaTenbHo eguHUubl!), U 0bwmin BuAa cumeona — (hkk). 3HadyeHue h rpaHel 8
30Hax 3TOM CepuMMu pacTeT Mo Mepe CMeLLeHMA NPOoeKUUn rpaHn BAOb 30HbI K Bbixody ocu X, u
nagaeT K npoekuun nnockocTn YZ. Ha nepeceyeHmax 3TUX 30H C NpoeKkumnein nnockoctn YZ uHaekKcol
h=0 (cumsonbl rpaHen — (0k/)). Mpun ganbHenwem cMelleHUN BAONb 30H K OTPULLAaTE/IbHOMY KOHLLY
ocu X 3Ha4YeHuA h CTaHOBATCA OTPULLATEIbHbIMU, BO3pacTas No abconoTHOM BeIMYMHeE.
AHanorMyHo B 30HaX, NPOXOAALMX 4Yepe3s KoopAuHaTHble rpaHu (010) m (0I0, NOCTOAHHbI
OTHOLWEHWA NHAeKcoB h : [, a B 30Hax, npoxoaawmx Yyepes (001) u (00T),nocToAHHbI OTHOWEHWA h :
k. UameHeHUs 3HaYeHUM MHAOEKCOB BAONb 3TUX 30H M OT 30HbI K 30HE NOKasaHbl Ha puc. 5.236 u
5.23B cooTBETCTBEHHO.

PaccmoTpeHHble 3aKOHOMEPHOCTU 30Ha/NIbHOTO M3MEHEeHMA MWHAEKCOB B CMMBONAX rpaHen
NO3BONAKOT MO MOJIOKEHUIO NPOEKUMU FPaHU Ha CTepeorpamme /erko OUueHUTb COOTHOLIEeHMA
nHAeKcos (4To 6onblie Yyero). Ha puc. 5.24 npuBegeHa cTepeorpamMmma MOHOKAMHHOIO KpUCTanna,
Ha KOTOPOW HaHeceHbl NPOEKUUM KOOPAMHATHbIX rpaHen M eAuHUMYHOM rpaHu. [na obuwHocTm
HaHeceHbl TaKXKe NpoeKLMM AByeANHUYHbIX FPaHell, COOTBETCTBYIOLWME 4aHHON e AUHUYHOM rpaHu.
3a4yepHeHHbIM KPYXXKOM MOKa3aHa NpoeKuMAa WUHOMUUPYEMOM rpaHM C cMuMBoaoM obuiero Bvaa
(hkl). Mpoeeaem 30HbI (Bonblume Kpyru) yepes aTy rpaHb M TPU Napbl KOOPAUHATHBIX rpaHei. Mo
nonoxeHuto 3oHbl (100) — (hkl) — (TO0) oTHOCUTENBHO €AUHUYHOM rpaHu suamm, yto k>/. Mo
nonoxeHuto 3oHbl (010) — (hkl) — (0T0) 3akntovaem, Yto h<l. HakoHeu, no nonoxeHwuo 30HbI (001) —
(hkl) — (O0T) oTHOCUTENBHO €AMHUYHOM rpaHM Haxoaum, uTo h<k. O6obuias 3TM pesynbTaThl,

nony4aem COOTHOLLEHME UHAEKCOB ANA CUMBOMA AaHHOM rpaHu: h<i<k.

Kadepgpa kpucrannorpadum CNery



Kypc Kpuctannorpadwusa. Pasgen 5 © npod. a.r.-m.H. MyHuH KOpuir Onerosuy

5.10.3. 3akoH Komnaukauuii Nlonbgumuara. Metopg cnoxXeHua CUMBOJIOB.

Mcnonb3ya 3aKOH 30H, MOYKHO A0CTaTOMHO TOYHO ONPEeAENUTb U YMCNEHHbIE 3HAYeHUA MHAEKCOB B
cumBonie rpaHu. Bocnonbayemcs Ans 3TOoro 3aKkoHoM Komnaukayul (naT. Komnaukamuo —
YyCNOXHeHMe), KoTopblt npeanoxun ®.fonbawmuAaT B paseuTMe 3akoHa 30H Belica. CornacHo
3aKOHY KOMMNUKaUWUIA, B Npeaenax A4aHHOW 30HbI MeXA4y NeXalWwmmMmn B HeM OCHOBHbIMK MpaHAMM
NOABNAIOTCA KOMIM/AUKAUUOHHbIE TPaHu, npuTynaalowme pebpa OCHOBHbIX rpaHeir. Cumson
KOMMAMKALMOHHOM rpaHM paBeH CYMMe CMMBOJIOB OCHOBHbIX FpaHer, Mexay KOoTopbiMK
KOMMAMKaLMOHHaA rpaHb Haxoautca. CooTBeTcTBEHHO, cnocob onpefeneHus CMMBONOB TaKUX
«YCNOXHAIOLWMX» rpaHelt NoAy4Mn HazBaHMe Memod C/I0XeHUA cuMeonoe. Hanpumep, e AUHUYHYIO
rpaHb MOXHO PacCMaTPUBATb KaK KOMMJIMKALMOHHYIO AN KOOPAUHATHOW rpaHn U ABYeAUHUYHOM
rpaHu (puc. 5.25), (100) + (011) =(111) uam (001) + (110) = (111).Takmum cnocobom Mbl MOXKEM HANTH
MONOXEHUe OTCYTCTBYIOLWEN Ha KpUCTanne eauHUYHON rpaHn No KOOPAUHATHLIM U ABYeAUHUYHBIM
rpaHam.

B 6onee obuiem BMae 3TOT MeTod MOXKHO chOpMyNMpPOBaTL Caeayolmnm obpasom: cuMeosn 2paHu,
nexcauwel mexcoy 0syma Opy2umu 2paHAMU 8 00HOU ¢ HUMU 30He, ecmb siuHelHds KombuHayusa
cumeosios amux 0s8yx 2paHell. Ecnu cumsonbl UcxoaHbIX rpaHer obo3HaunTb Kak (hkl)1 n (hkl)2, To
CMMBON KOMNAWKaunoHHol rpanun (hkl)s= m(hkl)1 + n(hkl), roe koaddpuuneHTol m u n — Hebonblune
uenvle yucna. OauH wu3 KoapPuuMeHTOB MoXKeT bBbiTb M oTpuuatenbHbiM. CooTHoweHue
KoadpduumMeHToB m/n NPAMO 3aBUCUT OT TOTO, K KaKOM U3 UCXOAHbIX rpaHei B6auKe HaKIoHeHa
NpomexKyToyHas rpaHb (bavKe neuT Ha cTepeorpamme). 3HayeHMs m U n noabupaloT «Ha
rNasok», NO3TOMY WHAEKCbl, onpeAeneHHble No rpaHAM 00HoU 30Hbl, He ToyHbl. OAHaKo ecnu
UHOMLMPYEMas rpaHb NEXUT Ha NepecedyeHnmn 08yx 30H, U B KaXKA0M M3 HUX pacnonaraeTca mexay
ABYMSA rPaHAMM C U3BECTHbIMU CMMBONAMU, TO UHAULMPOBaAHUE BbINOHAETCA TOYHO — noabopom
TaKUX 3HAYEeHUM M U N B Ka)KAO0N M3 ABYX 30H, KOTOpble AadyT OAMHaKOBbIM pe3ynbTaT. Metosq
CNOMEeHUA CUMBOJIOB PauUMOHaNbHO CoYeTaTb C MEeTOAOM PasBUTUA 30H ANA NonydyeHusa yaobHo
Pacno/IoXeHHbIX FPaHel, KoTopble MOXHO MCMO/b30BaTh B Ka4YecTse «caraembixy.

PaccmoTpvm npumeHeHWe MeToAa CAOMKEeHMA CUMMBOJIOB Ha NPUMMEpe KPUCTanna UUPKOHa,
aKCUANbHO-LEHTPanbHbIM BUA, CMMMETPUM TeTparoHanbHoW cuHroHun (puc. 5.26). Kpucrann
orpaHeH ABYMS TeTparoHalbHbiIMM npuamamu 1 u 2, TeTparoHanbHoOM gunupamuaon 3 u
AuTeTparoHanbHoM aunupamugon 4. FopusoHTanbHble KoopguHaTHble ocu X, Y BbibpaHbl
nepneHAMKyAspHo rpaHam npusmbl 1. Cumson rpaHu 1 — (100), rpaHm 2 — (110). MpaHb 3
eCcTecTBeHHO B3ATb 3a eAnHMYHYI0, (111). Onpegenum cumeon rpaHm obuero nonoxkeHua 4. MpaHb
4 nexut B 3oHax (100) — (111) u (110) — (1T1). Nonpobyem HaliTM cMMBOAN rpaHU 4 MPOCTbIM
cnoxkeHnem (T.e. ¢ eAMHMYHbIMU KoadduumMeHTamu npu charaemblix). Cknagpisaa (100) n (111),
nonydmm (211). Cknagbisaa (110) u (1T1) nonydmm (101). 3HayeHMA cMMBONOB He COBMaZaloT,
3HaYUT, eMHUYHbIE Ko3dPULUMeHTbl He roaatca. Yasoum B nepsoir cymme cumeon (100), a so
BTOpoi cymme yasomm cumeon (110). Nonyvaem B nepsoit cymme (200) + (111) = (311), Bo BTOpPOIA
cymme — (220) + (1T1) = (311). Cumeonbl cosBnanu, Takum obpasom, cumeon rpaHu 4 - -(311). B
AaHHOM cnyyae mbl obownuce 6e3 pasBuTUA 30H, HO MpULWAOCH 3aHMMaTbcA nogbopom
KO3pPULMEHTOB 13-3a HE OYEHb YAaYHOro PacrnoNoXKeHUA UCXOAHbIX FpaHen.

Ecan, HanpoTus, BOCNONbL30BaTbCA pasBUTUEM 30H, MOXHO oboiTuce 6es noabopa

K03dPULMEeHTOB, NPOCTbIM CNOXeHnem cumBoioB. 3oHa (1T1) — (110) nepecekaertcs c 3oHoi (100)
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—(001) (TpeTba KOOpAMHATHAA rPaHb Ha KPUCTaNNe OTCYTCTBYET, HO ee NO/IoXKeHUe U3BECTHO — Ha
BbIXxoAe ocu cummeTpuu La). Ha nepeceyeHnm aTux 30H BO3HUKAET BO3MOMKHAA rpaHb 5 ¢ CUMBO/IOM
(1T1) +(110) = (201). N'paHb 4 nexut B 30He (201) — (110). CKnagpiBasa 3T cMMBOAbI, Nosydaem (201)
+ (110) = (311). MNpoBepuMm npaBUIbHOCTb onpeaeneHus cumeona. 3oHa (311) - (3T1) Ha
nepeceyeHun ¢ 3oHoun (100) — (201) noporkaaeT BO3MOMHYIO rpaHb 6 ¢ cumeonom (311) + (3T1) =
(602) = (301), naun ke (100) + (201) = (301). NonyyeHHoOe coBNaaeHWe AOKa3blBaeT NPaBUIbHOCTb
cumsona (311) ans rpanu 4.

Kak npasuno, meto CNoOXKeHUA CUMBO/IOB MO3BONAET TOYHO NMPOUHAULMPOBATL HYMKHYIO FPaHb.
OaHako He Bcerga 3To ypaeTca caenaTb pgoctatovyHo 6bicTpo. MoskeT noHagobuTtbes
npeasapuTeNbHO BbIBECTM PasBUTMEM 30H M MNPOUHAMUMPOBATL 3HAYMTENbHOE KO/UYecTBo
NMPOMEXKYTOYHbIX rpaHelt. B Takux cnyyasax 6onee pauMoHanbHO MCNONb30BaTh elle OAUH MEeToZ,
OCHOBaHHbIA Ha 3aKOHE 30H — Memold MepeKpecmHo20 YMHOMCEHUA CUMB0s08. JTOT MeToA
No3BO/IAET MO CMMBOMIAM ABYX NEpeceKaloLMXCa 30H BbIYMCAUTD CUMBOA FPaHK, Nexallen Ha ux
nepeceyeHun. Ho Ana 3Toro cHayana Ham Hago onpeae/UTb, YTO TaKoe CMMBO/ 30Hbl U KaK ero

HanTW.

5.10.4. Cumsonbl HanpasneHwuii (30H). YpaBHeHue Beiica.

30Ha xapaKTepusyeTca cBOeM Ocblo, T.e. HanpaB/ieHWeM, KOTOPOMY Mapa/ifiefibHbl BCE rpaHu 30HbI,
MonoxeHne HanpaeneHUs B KOOPAMHATHOM CUCTEME KpUCTanna OAHO3HAYHO ornpejenseTcs
HaKNOHaMM Hanpae/ieHMA K KOOpAMHATHbIM ocsM. [lepeHecem paccmaTpuBaemoe Hanpae/ieHue
napannensHo camomy cebe Tak, 4Tobbl OHO NPOLLAIO Yepes Hayano KoopauHart (puc. 5.27). Bosbmem
NPOU3BOJIbHYIO TOYKY Ha 3TOM HanpaBieHWUW, U onpenesiMM KoopauHaTbl 3TOM TOYKM X, V, Z.
OTHOWweHWe KoopaUHaT (M3MepeHHbIX B e AMHUYHbIX OTPpe3Kax), CoKkpalleHHoe A0 B3aMMHO NPocCTbIX
ymcen, u 4acT CUMBOA HanpasneHus: x/a : y/b : z/c =r: s : t. CUMBON HanpaB/eHUs 3aNuCbIBaETCA B
KBadpaTHbIX cKobKax: [rst]. Kak Buaum, B cimBo/le HanpaBneHUA, B OTIM4YME OT CMMBOA MPaHW,
MCNoNb3yHwTCA WMHAEKCDI BEI:"ICB. nOCKOﬂbe MHOEKC ©= B OJaHHOM Chy4Yae He BO3HMWKaeT, TO
nepexoauTb K MHAeKcam Munnepa HeT HeobxoAMMOCTH,

Mexay cumeonom rpanu (hkl) n cumBonom napannesnbHOro aToM rpaHy Hanpasnenua [rst] (nam
CMMBO/IOM OCMU 30HbI, B KOTOPOM /IeXKUT 3Ta rpaHb) CyUlecTBYeT B3aMMOCBA3b, BbipaXkaemas
ypasHeHuem Belica: hr + ks + It = 0. [nA rekcaroHalbHOM W TPUrOHANbHON CUHIOHWIK , C
YyeTbipeXMHAEKCHBIMW CMMBONAaMWU rpaHel, ypaBHeHWe Belica 3anucbiBaeTCA HECKOJIbKO Mo-

apyromy: (h-i)r + (k-i)s + It = 0. Yncna B ckobKax HasblBaloTcA cybuUHOeKcamu,

5.10.5. UHaMUMpOBaHME rpaHeii METOAOM NEePeKPECTHOr0 YMHOXKEHUA.

Y106bl NONYYNTb CUMBOA FPaHU, HAXOAALLENCA Ha NepecedeHnn ABYX 30H, HYXHO 3HaTb CUMBO/IbI
3TUX 30H. [ycTb 3TK crmBonbl ByayT [risit1] v [rasatz]. Uckomblt cumeon rpanu - (hkl). NMockonbky
rpaHb NIeXXUT O4HOBPEMEHHO B ABYX 30HAX, Mbl MOMeM 3anucaTb CUCTEMY W3 ABYX YpPaBHEHWUM
Beiica, cBA3bIBAOLMX CUMBO/IbI FPAHU U KaXKA0W U3 ABYX 30H:

hri + ks:1+1t;=0

hro+ kl> + 1t =0
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MockonbKky 4ucno ypasHeHWW (ABa) MeHbwe 4yucna HeusBecTHbIX (Tpu), 3Ta cucTema

HeonpegeneHHa U nMeeT beckoHeYHoe MHOecTBo pEIJJEHVII:"I BUOa:

=[5 lweom ke [ Twoan 1= Sl = o

raoe Di, D, D3 — onpegenutenu, coctasneHHble U3 KoapdUUNEHTOB ypaBHEHUM (T.e. MHAEKCOB B
cumBonax 3oH), a W — npoussonbHas noctoAHHas. [OCKONbKY HaM HY»KHbl OMHOWeHUA UHAEeKCOB
h:k:l To Nnpon3Bo/abHaA NOCTOAHHaA B 3TUX OTHOLUEHUAX COKpPaLLaeTcs, U Mbl noaydaem h : k: [ =
D;: D; : Ds3. PacKkpbiBaa onpegennutenu, uUMeem:
hikil= (Sjtz—Sth) 5 ([’1!’2 - tzf'j} : (r152 —rzsl).

Y106bl He oOWWMOUTbCA B BbLIYMUCNEHMAX, WCMNO/b3YHT MHEMOHMYECKOe MpaBW/IO, KOTopoe U
Ha3blBaETCA MepeKpecmHbIM yMHOXceHUeM. BbinucbiBaloT ABa pa3a B CTPOYKY MHAEKCbl NepBoM
30Hbl, NOA, HUMM TaK e WHAEKCbl BTOPOWM 30Hbl. 3aTem OTOpacbiBaloT Mepsblid M nocnegHui
cTonbupl, a OCTaBLIMECA MHAEKCHI NEPEMHOKAIOT NEPEKPECTHO, BEPXHUE HA HUXKHUME, KaK NOoKa3aHo
KOCbIMM 4YepToyKamu, HaumHaa cnesa. OTHOWEHWUA pPasHOCTEM MepeKpPecTHbIX Mpou3BedeHUH,

COKpallleHHble A0 B3aMMHO MNPOCTbIX 4Mcen, W  [alT  MWUCKOMbIA  CMMBOA  FpaHu
nss tih oS4
rls, t; 1 St

(51[’2 - Sz!’j) s (tﬂ’z - tzrj} : (r152 - rz.S‘j} =h: k: f,
T.€. NONYYUIM TO e, YTO M NPU HeENOCPeACTBEHHOM PacKpbITUM onpegenuTenei.
B cBoto o4epenb, CMMBOAN KaXaoW M3 30H, MO KOTOPbIM Mbl ONpeaenanu CUMBO/ rPpaHu, Nexallen
Ha WX NepeceyeHnMn, MOMKEeM MONYyYUTb MepeKpPecTHbIM YMHOXEHWEM CMMBOJIOB ABYX rpaHel,
NeXKalmx B COOTBETCTBYIOWEN 30He. MTaK, ANA HaxoX4eHUA HEU3BECTHOro CUMBOA MPaHM Hago
3HaTb CMMBO/Ibl YETbIPEX APYrMX rPaHeM, Nexalux NonapHo B ABYyX NEepeceKaroWwmxca Ha UICKOMOoM
rpaHu 3oHax. MeTog nepeKkpecTHOro YMHOXEeHUA Npy 3TOM NPUAETCA NMPUMEHUTb TpK pasa: 1) no
CMMBOMIAM ABYX rpaHei onpeaenTb CUMBO OAHOM M3 30H; 2) NO CUMBONAM ABYX APYruX rpaHen
HaWTWU CMMBO/1 BTOPOM 30HbI; 3) NO HaMAEHHbIM CUMBOMAM ABYX 30H OMpeAe/IuTb CUMBOJ FPaHM,
NeXKalen Ha X nepeceveHuu.
3amMeTuMm, YTO B pe3y/ibTaTe NepeKPecTHOro YMHOXEHUA Mbl MOXKeM NONYyYUTb Kak CUMBOI UICKOMOM
rpaHu, Tak U CUMBOA FPaHK, el napanienbHoM, T.e. C NPOTMUBOMO/IOXKHBIMU 3HaKaMM UHAEKCOB. ITO
33aBMCKUT OT NOPALKA 3aNMUCU UCXOAHbIX CUMBO/IOB 30H — KaKOW CMMBOA 3aMNUCbIBaeTCa CBepXy, Kakol
— CcHM3y. TOYHO TaK e npu onpegeneHUM CMMBOJIA 30Hbl MOAY4aemM CUMBObI  AOBYX
NPOTUBOMONOXKHbIX HaNpaBAeHWI, NapannenbHbIX OCU 30HbI, B 3aBUCUMOCTU OT MOPSAAKa 3anucu
MCXOAHbIX CMMBONOB rpaHeir. CneunanbHO 3a 3TUM MOMHO He CneguTb, Tak KaK Bcerga /serko
coobpasnTb NO 3HaKaM WMHAEKCOB, MOMYYUNU Mbl CUMBOJI HYKHOM TPaHW, WKW Ke rpaHu, en
napannenbHo.
MNonesHo NOMHWTb, YTO €C/IM OCb 30Hbl NapanfesibHa Kakon-nubo KoopauHaTHoMW rpaHu — (100),
(010), (001), - To B cMMBOJ/Ie 30HbI COOTBETCTBEHHO MEpPBbl, BTOPON MAU TPeTUM UHAEKC paBeH
HyAnto. Ecnu HanpasneHuWe napanienbHo ABYM KOOPAWHATHbIM rpaHam (T.e. pebpy mexay HUmMK),
TO ABa COOTBETCTBYIOLWMX UHAEKCA PaBHbI HY/I0, @ TPETU — eAnHULE. ITU TpU HanpaeneHua [100],
[010], [001] sBnsatoTca KoopauHaTHbiMKU ocamu X, Y, Z. B page cnyyaes cMMBOS HanpasneHus,
nepneHAWKYAspHOro onpeaeneHHoON rpaHu, coBNagaeT ¢ CUMBOJIOM 3TOM rpaHu: 1) B Kybuyeckom

CUHIOHUM — ANA BCeX rpaHeit; 2) B CpeAHUX CUHTOHUAX — A1A BCeX rpaHei BepTuKaibHoM 30HbI [001]
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n ana rpadein (001) u (00T); 3) 8 poMBUYECKON CUHIOHUM — ANA KOOPAWMHATHbIX rpaHen; 4) B
MOHOKNMHHOW CUHIroHWU — ana rpardei (010) u (0T0).

Moka)kem AencTBME MeToda NepeKpPecTHOro YMHOMEHWs Ha npumepe Kybuyeckoro Kpucranna
HawaTbipa NH4Cl — puc. 5.28. Kpuctann orpaHeH TeTparoHTpuoKTasapom {211} u obuieit dopmoit —

neHtaroHTpuokTasgpom {hkl}. Onpegenvm 4ucneHHoe 3HayeHWe CUMBONA rpaHKu 2

NeHTaroHTPMOKTasapa. JTa rpPaHb NeXKUT Ha nepecedyeHun 3oH (100) — (121) w (110) — (101).
Mony4nm cHayana cMMBOJIbI 3TUX ABYX 30H, @ 3aTeM N0 CUMBONAaM 30H — UCKOMbIM CUMBOA FpaHu 2:
112 1. 1. 2] 1 1|1011[] 01 Z 0 112
110 0 1 010 110 1 1 0l1 LIE LI Wik
[01Z] [1TT] (32T) = (321)

KaKk 1 B MeToae CNoeHusa CUMBO/IOB, eCAW NOAXOAALLUX 30H Ha KpUCTaNNe He HaaeTca, UX MOXHO
NONYYUTb METOA0M PA3BUTUA 30H.

Tenepb MOCMOTPMM, KaK MO/Mb30BaTbCA MEpPEeKPecTHbIM YMHOMEeHMeM B C/ly4yae KpPWUCTan/IoB
rekcaroHasbHoOM U TPUTOHANbHOW CUHTOHWM, C YeTbIPeXMHAEKCHbIMW CMMBONAMM rpaHen. Kak
roBOpUNOCH Bbille, B ypaBHeHUU Belca B 3TUX cAyyaax BMeCTo UHAEKcoB h U k ucnonbsyioT
cybungekcol (h — i) n (k — i). CuMmBON 30HBI NOCNE MepPeKPecTHOro YMHOXEeHUA nosyyaeTcs
TPEXUHAEKCHBIM, U AOMONHUTENbHBIN UHAEKC HaxoAMM KaK CYMMYy MepBbiX ABYX MHAEKCOB C
obpaTHbIM 3HAaKOM. AHaNOrMYHO MOCTyNaem npW  BbIYUCAEHUM CUMBOAA [PaHM Mo
YyeTblpeXMHAEKCHbIM CMMBONAM ABYX 30H. OHaKO eCcI CUMBO/bI 30H KaK TaKOBbIe HaM He HYXHbl,
MO>HO Mcnonb3osaTtb 6onee npocTyio npoueaypy, 6e3 BbluncneHnsa cybUHAEeKCos.

[Ona KakaoM 30Hbl NoABeprHem MepeKkpecTHOMY YMHOMKEHUIO CMMBOJbI JiIeXKalmux B Hel AByX
rpaHen, onycTMB B 3TUX CMMBONAX TPEeTbM UHAEKCbI i. [MonyyeHHble B pe3ynbTaTe Tpex4y/eHHble
yucna He aeaalomcs cumeosiamu 3oH! MopaseprHys Tenepb 3TU YUCNA NEPEKPECTHOMY YMHOMEHMIO,
NOAYYMUM TPEXUHAEKCHbIM CUMBOJ rpaHW, Nexawen Ha nepeceyeHMM 30H. [lonoNHUTENbHbIN
UHAOEKC | HaAeM KaK CyMMy nepBbiX ABYX MHAEKCOB ¢ 06paTHbIM 3HaKOM.

B KauyecTBe npvmepa onpegenmm CMMBOA rpaHn 1 TpUroHanbHOro TpanewLosapa KpMcTanna Keapua
(puc. 5.29). 3Ta rpaHb NeXXuT Ha nepeceyeHuu 3oH (1120) — (2201) n (10T0) — (11Z1). BeinonHum
nepeKkpecTHoe YMHOXeHWe CUMMBONOB 3TUX Map rpaHein 6e3 TpeTbUX WMHAEKCOB, a 3aTem

nepeKkpecTtHoe yMHOXeHWe Nony4YeHHbIX TpoeK Yncen:

111 0 1 170 110 0 1 0[0 11T 41 114
2lz 1 2 21 % 111 1 1 11 olr 1 0 11
117 0T1 (5TT) = (511)

Boiumcnue Tpetuit uHaekc -(5 + 1) = -6, N0NY4MM OKOHYATENbHO CUMBOJ rPpaHn 1 TPUroHanbHOro
Tpaneuosgpa: (5161). 3ameTuMm, YTO METOZ, CIOMKEHUSA CUMBOJIOB B J@HHOM C/ly4ae MUCMo/ib30BaTb
6bin0 6bl 3aTPYAHMTENBHO,

Takum ob6pasom, WCNONb3ys MeToA, MNEPEKPECTHOro YMHOXEHUA, Mbl MOXKEM TOYHO
NPOUHAULMPOBATbL rPaHU C A0CTAaTOYHO CNOMHbIMU CUMBOIaMU. HO NOCKO/IbKY 3TOT METOZA BCE XKe
[0BONILHO FPOMO3KMI, €ro NPUMEHSAIOT, eCIN TPYAHO ONpeaennTb CUMBOA rpaHu bonee npocTeiMn

cnocobamu.

Kadepgpa kpucrannorpadum CNery



