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1. BeegeHue. Kpuctannuueckoe COCToAHUE.

[naBHaA 0COBEHHOCTb KPUCTaN/IMYECKOTO COCTOAHMA BELLLECTBA, OT/IMYAIOLWENA €ro OT rasoB, XWAKOCTEN U
amopdHbIX TeN, - TPEXMEPHAA NEPUOANYHOCTb PACMONOKEHMA OAMHAKOBbLIX MaTepUaibHbIX YacTuu, (aTomos,
MOHOB, MOEKY/) B NpocTpaHcTBe. PaccMoTpum 3Ty ocobeHHOCTb Ha MPOCTEMLIEM NPUMEPE KPUCTaNNa,
COCTOSLLEro U3 YacTUL, OAHOro CopTa.

Bboibepem Mpou3BONbHYIO YacTULY 3@ Hada/NbHYI, U HalOem Takyl e 4acTuly, PacnofioKeHHyl Ha
BAnKanluem paccToAHUM ti=min OT HayaNbHOMW. B 3TOM 3Ke HanpaB/feHMM M Ha TAKOM }Ke PacCTOAHUU OT
BTOPOM YacTuubl ByaeT HaxoaMTbCA TPETbA YacTULa, Aanee YeTeepTan 1 Tak aanee (puc.1l.1a). Mbl nonyymnu
OLHOMEPHYIO NMePUOLMNYECKYIO CTPYKTYPY, HasblBaeMylo y3s10800 pAao - KaXK bl aTOM ABNAETCA Y3/10M 3TOM
OAHOMEPHOW «pelueTKu». BekTop ti, cBA3bIBAOWMIA COCEAHME MAEHTUYHbIE YacTUUbl 1222324 u T.4,,
Ha3bIBAaETCA BEKTOPOM NEPEHOCa, AW TPAHCAALMEN, @ €0 MOAY/b — LIArom, Uiv NepMoaomM TPAaHCAALMMN.
Hailgem Tenepb 4acTuuy, HaxoOALWYHCA OT HavyanbHOM Ha paccToAHMM t2t; B HanpaBneHWW, He
napannensHom BekTopyty. TpaHcnauua t, opmupyeT y3nosoit pagl—>2 ->3'->4'-... MocKoNbKy YacTuLpl
1,2,3,4... NnepBoro psafa OAMHAKOBbI, Yepe3 KaXaylo M3 HUX ByaeT NpoxoamTb y3N0BOW PR, UAEHTUYHDIN
pagy 1-2°-3'-4'- .. AHanorvyHo, 4yepes Kaxayw W3 vactuy 2°,3',4° 6GygeT npoxoauTb Y3NoBOW pAag,
NMOEHTUYHBIN paay 1-2-3-4-... 3Tn gBe cucTembl NEpPeceKalolMXcs Y310BbIX PAA0B 0DpasyoT ABYMEPHYIO
PeLeTKy, Unn y3noeyio raockyro cemky (puc.1.16).

TpaHcnauma ta>tB TpeTbemM HaNpPaBNEeHUU, HE fieXKaLleM B NA0CKOCTU ti-ta, AaeT TpeTbo cucTemy B3aumHO
napannenbHbIX y310BbiX pagos, dopmupysa, Takum obpasom, TPEXMEPHYIO MPOCMPAHCMBEHHYIO peluemkKy.
Kaxablit y3en aToli pelweTkn BECKOHEYHO NOBTOPAETCA B TPEX HANPaBAEHMAX TPEMA TPaHCAAUMAMM t1,1,13,
TO eCTb NOJIy4aemM TPEXMEPHO-NEPUOANYECKOE Pacro/ioKeHMe YyacTul, B npoctpaHcree( puc.1.18).

fluelika TpeXMepHO pelLeTKK, MOCTPOEHHasA Ha Tpex He NeXalluux B 04HOM NAOCKOCTU TpaHCAAUMAX ty, t, ts,
B 0bwWem c/ydyae KOCOYrofibHas, WMMEHyeTcA 3/eMeHTapHbiM napasnenenunegom. OHa 6GeckoHeyHo
NOBTOPAETCA B TPEX U3MEPEHUAX TPEMA TPaHCAAUMAMM, CTpoa pewweTky. OTcioga Apyroe HasBaHWe 3TOM
AYEWMKN — Nnapasnnenenuneg noBTopsemocTv. TpexmepHas nepuoamuyHocTb obecnedmMsaeT AanbHWIN NOPAAOK
B PACNONOMKEHUM YACTML,. ITO 3HAYMUT, YTO, BbIBpaB NPOM3BONBHYIO YAaCTMLY, Mbl Ha 334aHHOM PACCTOAHUM
OT Hee B 3a/laHHOM HanpasieHWMU C BEPOATHOCTbIO p=1 (T.e. AocToBepHO) NMbBO HaxoauM APYryo YacTULly
(ecnn nonagaem B ysen), nMbo He HaxogMMm YacTuubl (ecnM nonagaem B MeXOoysnume). 3ameTum, uTo
obpaTHoe MO/NOXKEeHWe He BEepHO, W [Aa/bHUKA NOPAAOK He o0bA3aTeNnbHO CBA3aH C TpexmepHown
nepuoanuyHocTeld  (Tak  HasblBaemble  «KBasWKpucTannel», obnapawolme Kpuctannorpapuuecku
3anpeLweHHOM cMMMeTpuen — cm. pasaen 2.2).

M3 TpexmepHO-Neprmoanyeckoro CTPOEHUA CNeaytoT OCHOBHbIE MaKpOCKONUYECKME CBOMCTBA KPUCTANNOB:
OAHOPOAHOCTb, aHU30TPONHOCTL M CNOCOBHOCTb CAMOOTPaHATLCA.

O0HopodHOCMb — B M0G0 TOYKE KPUCTana ero cKaispHble CBOMCTBA (MNI0THOCTb, TEMN/IOEMKOCTb, COCTaB U
T.N.) M ero BEKTOpPHble CBOWCTBA NO MapanfenbHbiM  HanpasneHUAMm  (31EKTPONPOBOAHOCTD,
CBETONPONYCKaHWe U T.MN.) OAMHAKOBbI, B CUNY OAMHAKOBOTO PACNONOKEHUA CTPOUTENbHBIX e4UHULL.
AHuszomponHocme(rpey.aHU30c — HepaBHbIM, mMpornoc — CBOWCTBO) — BEKTOpPHble CBOWCTBA B
Henapan/iefNbHbiX HanpasBneHMAX B oblem c/iydae pasnuuyHbl — M3-33 Pas/IMYHOrO Pacno/IOKEeHUs
CTPOMUTE/IbHBIX EANHUL, BAOb HENaPa/e/ibHbIX PAA0B PeLLETKM.

CriocobHocmMb CaMoo2paHAMbCA—NPUHMMaTL B npouecce pocta GopmMy MHOrorpaHHuWKa, Wan noausopa
(rpey. noau — mHoro, adpa — rpaHb). 3To cnesyeT M3 aHUM3OTPOMHOCTU CKOPOCTEN POCTa KpUCTanna.

Ha aTnx Tpex MakpoCKOMNMYECKUX CBOMCTBaX OCHOBAHO KNaCcCUMYECKOE ONpeaeneHne Kpuctanna: Kpucmansa —
amo meepdoe 00HOPOOHOEe GHU30MPONHOe mesno, cnocobHoe & ornpedesneHHbIX YCno8UAX CAMOO2PAHAMbCA.
OpHako npu BanKalliem pacCMOTPEHUM TaKoe onpeaeneHne KpUCTa/llIMYeckoro COCTOAHMA OKasblBaeTcs
Hey/0BNeTBOPUTENbHBIM. [1eUCTBUTE/IbHO, OAHOPOAHbIM MOMeT bBblTb M amopdHoe Teno (Hanpumep,

CTEKHO). AHHSOTPOI’IHIO NPOABNAKDT MHOTME HEKPUCTaNNMYECKKMeE TeNa — ApeBeCcKHHa, NnactmMmaccbl, TKaHKU K
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T.n. CnocobHOCTb CaMOOrpaHATbLCA CBOWCTBEHHA HE TOJ/IbKO K/AACCMYECKMM KpUCTaniam, Ho W
KBasuKpucTannam. Kpome Toro, ata cnocobHOCTb MOXET TepATLCA MPU BbICOKMX TemnepaTtypax (pocT w3
pacnnasa), noj Bo3AeMNCcTBUEM NPUMECEN, a TaK¥Ke NPM CTECHEHHOM POCTe — B NOJIMKPUCTA/LIMYECKMX Tenax,
B 4aCTHOCTW B rOPHbIX NOPoOAax.

OnpeaeneHre KPUCTaNIMHECKOrO COCTOAHMA A0MKHO Ba3sMpoBaTbca HAa MUKPOCTPYKTYPE KPUCTANIUYECKOTO
BELUEeCTBa, OT/IMYHON OT CTPYKTYpbl N0bbIX APYrUX COCTOAHWMIA BELLECTB3, 8 UMEHHO — Ha TPexmepHOoM
NEePUOAMYHOCTM  PACMoONOXKEHUs yactuy (cTpouTenbHbix eguHuy). OaHako HeobXxoauMmMo UMETb
CBM/ETE/NIbCTBO TaKOM MMKPOCTPYKTYPbl. Takum CBUAETENbCTBOM ABAAETCA Audpakuums (amckpetHoe
paccesHue B CTPOro onpeaeneHHbliX HanpaBneHWAX) PEHTTEHOBCKUX NyYel Ha KPUCTANANYECKOM pelleTKe.
MponycKana Ny4yoK peHTreHOBCKUX NyYei Yepes KpUcTann u GUKCUpYR TEM MU MHbIM cnocobom paccesHHoe
KPUCTaNNOM M3NydeHue, Mbl Noaydyaem AMGPakUMOHHYIO KapTuHY — Guppakmozpammy,- COCTOALLYIO U3
ONCKPETHbBIX MaKCUMYMOB MHTEHCUBHOCTM (Hanpumep, OTAe/IbHbIX NATEH Ha doTonneHke). AmopdHoe Teno
B TaKOM 3KCMEpPUMMEHTE AacT HenpepbiBHOEe pacceaHue. Bnepsble andpakuma peHTreHOBCKUX iy4eln Ha
Kpucrtanne bbina noay4vyeHa Makcom Naya 7] ero YYEHMKaMM B 1912 roay.
Tenepb, WMeA CBMOETENLCTBO TPEXMEPHO-NEPUOAUYECKOW CTPYKTYpPbl KPWUCTAnAa, MOXHO [Aarb
HeMNnpoTWBOpEeYMBOE oOrpeaesieHUe KPUCTA/NI/IMYECKOro COCTOAHUA: Kpucmasnasn — 3mo meeploe meno,
umetoujee mpexmepHo-nepuoduyeckoe cmpoeHue U darouwjee SuckpemHyto duppakmozpammy. Cneayert
3aMeTUTb, 4YTO KBA3WKPUCTa/UIbl TaK¥e [A3lT AUCKpeTHble AUdPaKTOrpammbl, HO OT KJ3CCUYECKUX
KPUCTaNNoB OHWM OTAMYAIOTCA HaAMYMeM HeKpuUcTannorpapuyeckon CUMMETPUM B  PACMONONKEHUM
ANdpPaKUMOHHBIX MaKCUMYMOB.

2. CMMMeTpUA KpUCTannos
2.1.CummeTpuyeckme npeobpasoBaHus.

OAHO U3 camblX APKUX CBOWCTB KPUCTaN/IOB — WX CUMMETPUA (rpedy.cummempua — COpPasMepHOCTb).
CMMMeTpUA XapaKTepHa He TONbKO ANA KPUCTannos, aTo GyHAAaMeHTanbHoe cBoMcTBO npupoabl. Camoe
obluiee onpegeneHue CUMMETPUM — HEM3IMEHHOCTb OObEKTa OTHOCWUTENbHO OnpeaAeneHHbIX
npeobpasoBanuit. [Ins Kpuctannorpadum Takoe onpeaesieHne CAUILIKOM WMPOKO. Tak Kak KpUcTan/bl — 3TO
NPOCTPaHCTBEHHbIE 0DBLEKTbI (KPUCTaNAIMYECKMIA MHOMOrPaHHWK Ha MaKpOypOBHE WM KpUCTanauyeckas
CTPYKTYpa Ha MMUKPOYPOBHE), TO CUMMETPUA KpUcTania — 3TO €ro HEeM3MEHHOCTb OTHOCUTE/IbHO
npeobpasoBaHWiA NpocTpaHcTBa (MAM KoopauHaTHOW cucTtembl). Bosbmem, Hanpumep, paBHOCTOPOHHWUIA
TpeyronbHuk ABC (puc.2.1). NosopoT ero BOKpyr LueHTpa TAxecTu (Touka O) Ha 120°, 1.e. npeobpasosaHue
A->B, B->C, C-> A coBmellaeT TpeyrosibHWK cam ¢ coboi, oCTaB/IAA ero HEM3MEHHbIM.

MNpeobpasoBaHus, coemewatome Gpurypy camy c coboi, bygem HasbiBaTb onepayuamu cummempuu. MNpu
Takux npeobpasosaHMAX NEPEXOSAT APYr B ApYra, UAM COBMELLAKOTCA pasHbie YacTu ¢urypbl — B AaHHOM
npumepe cTopoHbl TpeyronbHuka AB, BCu CA. Mpu 3TOM BO3MOMHbI ABa cAyyas pasBeHcTsa duryp mau
3/1eMeHTOB GUrypbI:

a) npamoe, UNN KOH2py3HMHOEPaBEHCTBO (NaT. KOH2pY3HC — COBNaAaoWmii) — GUrypbl COBMeLLATC Npu
HanoeHun (Npu BnoXeHUU ana TpexmepHbix ¢uryp). Hanpumep, ABa NPAMOYroNbHbIX TPEYroabHUKa,
n3obpaeHHble Ha puc.2.2a, paBHbl KOHIPY3HTHO;

6) zepKkanbHoe, WAWU 3HAHMUOMOPEHOEPaBEHCTBO (TPEeY.3HaGHMUOC — NPOTUBOMOAOMKHBLIA)— urypobl
COBMELLAIOTCA MPW OTpaKeHUMW. TaK, ABa NMPAMOYIo/ibHbIX TPEeyroibHWKa, M30bpakeHHbIXx Ha puc.2.26,
COBMELLAIOTCA OTpaykeHMem B npamoi PP’, T.e. paBHbl aHaHTMOMOpdHO. COOTBETCTBEHHO, Mbl Pasnnyaem
ABa Tuna onepauuMi cummetpun — | un Il poga, wnu OsuxeHue W uHeepcuio (rpey. uHeepcuo -
nepesopaymsaTtb). PasnMume Xxopowo BUMAHO, €CWN BBECTU NPaBU3HY — NeBU3HY GUIYP, AN XUPAIbHOCMb

(rpeu. xupa — pyka). Onepauun cummeTpum | poaa COBMELLAIOT pasHble GUrypbl MAM MX YacTu OAHOM
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XMPaNbHOCTW — Mpaebie C NpaBbiMu, fieBble ¢ fieBbiMu. Onepauumn cummeTpun llpoga coBmelatoT pasHble

¢w|r\;pb| WK X 4acTK pasHoﬁ XMPanbHOCTK — Npasble C IeBbIMU, NEBDbIE C NPaBbiMK.

2.2.9nemeHTbl CUMMETPUU

Onepauuu CMMMETPUM MOMKHO, KOHEUHO, OMKUCbIBATb YNCTO MaTemaTudyecku. Ho ana HarnsgHocTn yaobHo
KaK/0W onepaummM CUMMETPUM CONOCTaBUTb reOMeTPUYECKUIA 06pa3 (NNocKocTb, NPAMYIO, TOYKY), KOTOPbIA
ocyuwecTenAer AaHHYH oOonepauuto. Takue BcnomoraTesnbHble reomeTpu4yeckme OﬁpaBbl Ha3bIBAKOTCA
anemeHmamu cummempuu. NMOCKONbKY UMeEETCA ABa poda onepauuii CUMMEeTpUM, TO MMEEM U aBa poaa
3/1eMEHTOB CMMMETPUK. PaccmoTpum ux.

InemeHmel cummempuu | poda.

[ns KpucTannmyeckmMx MHOrorpaHHUKOB (KOHEYHbIX Tes) onepaummM cummeTpum Ipoaa - TONIbKO NOBOPOTI.
CooTBETCTBEHHO, 3/1eMEHTbI CUMMETPUM Ipoga — 3To nosopomHsie (npocTble) ocu cummempuu. MoBOPOTHOIA
OCbl0 CMMMeTpuM Byaem HasbiBaTb MPAMYIO, NMPOXOAALLYI0 Yepes LeHTP TAXecTu Gpurypbl, Npy nosopoTe
BOKPYI KOTOpPOM Ha onpeAeneHHbli yron ¢urypa coemellaetcs cama ¢ coboit. Hanpumep, nsaobpaeHHbIN
Ha puc. 2.3 Kyb camocoBmellaeTcA NpuM NOBOPOTE BOKPYr MPAMOM, nNpoxogawen vepes UEHTPSbI
NPOTUBOMNONOMHbIX rpaHel, Ha yrabl 90°, 180°, 270°, (u koHeuHo, 360°). MUHMManbHbIMA yroa noBopoTa, Npu
KoTopom ¢urypa camoCcoBMELLAEeTCA, Ha3biBAETCA 3/1eMeHMAapHsIM ya2a0M Mo8opoma o OCU CUMMETPUM.
Paspenue yron nonHoro obopora 360° Ha 3nemeHTapHblA yron noBopoTa, MOJIYYUM [IOPACOK ocu
cummempuun=360/a, paBHbIA YMCNY CAMOCOBMELLEHWI Urypbl Npy NoaHom obopoTe.

TpexmepHaa NepuoaMYHOCTb KPUCTANINIOB HaKNafAblBaeT MecTKMe orpaHu4yeHWA Ha BO3MOMKHble NOpPALKM
oced cummeTpumn. PaccmoTpum ysnosyio ceTtky (puc.2.4a) ¢ warom TpaHCNAUMKM, OAMHAKOBbIM MO
obpasylolum ee y3/10BbIM pPAgaMm U MUHUMANbHLIM ANA AaHHOM peweTku ti=t;=min.Torpa uepes ysen A
[OO/IKHa NpoXoAMTb NOBOPOTHAA OCb CUMMETPUM, COBMELLLAIOLAA TPpaHCAAUuK 1 1 t; npy noBopoTe Ha yron
a. MNpur 3TOM BO3HMKaeT HOBaA TPAHCAALMA t3,lar KOTOPOI HE MOXKET BbITb MeHbLUE MMHUMANBLHOTO Wara t;,
T.e. ta=t1=t,. OTcloaa cneayert, uto a=60° 1 Nnopsaaok ocu n<6. MocKoNbKY NOPAAOK OCK NO onpeaeneHno —
Lenoe 4ynmcno, To BO3IMOMKHble nopsagkn — 1, 2, 3, 4, 5, 6. OgHako ocK NATOro nopsgka B TPEXMepHo-
NEPUCAUYECKUX CTPYKTYpax TaKMKe HEeBO3MOMHbl. [lnAa AoKasaTenbCTBa pPacCMOTPUMM Y3N10BOW pafa, C
TpaHcaauumen t;, MMHMManbHOW ANA AaHHOW peweTku (puc.2.46). Mycte yepes cocegHue ysnbl A n B
nepneHAnKY/IAPHO NJIOCKOCTU pelleTKU MPOXOAAT OCWM MATOro nopsaaka. 3TW OCW NMOBOPAYMBAKOT BEKTOP
TpaHcAAauMM Ha yrabl £360°/5= £72°, nepesoas Toukn A u B B Touku A" n B’ cootseTtcTBeHHO. Npu aTom
BO3HMKaeT HOBas TpaHcaAums t,=A'B’ c wwarom, MeHblLuMm MMHUManbHoro. bonee Toro, nomewlias ocu NATOro
nopajika B cneayroume ToUKu ucxogHoro ysnosoro paaa C,D u 1.4., nonyuum yznosou pag A'B'B''C' C''D’"...
C HepaBHOMEPHbIM LWArom TpaHcaAuuu . Takum obpasom, ocM NATOro MNopsAdKa He COBMECTUMbI C
TPEXMEPHOW NEPUOAMUUYHOCTBIO (3aMETUM, UTO B KBa3MKPUCTaNNax, B KOTOPbIX OTCYTCTBYET TpexmepHas
NepUoaMYHOCTb, TaKMUE OCU BO3MOMHbI).

MUTaK, B KpUCTannax HEBO3MOMHbI OCKM CUMMETPUU NOPAAKOB NATOrO U Bbllle WecToro. 3To COCcTaBAAET CyTb
OAHOTO U3 OCHOBHbIX 3aKOHOB KpUCTannorpaduu — 3aKoHa cummempuu.

MoBopoTHbIE OCM CMMMETPUK B CMMBO/IMKe bpase obo3HauarTcA Kak Ly, rae uHaekc n —nopsagok ocu. Ocu
€ n>2 NPUHATO Ha3blBaTb OCAMU 8blcwezo rnopaoka. Ock LiBBognTca ansa obwHoOCTM — npu nosopoTe Ha 360°
BoKpyr swoboro HanpasneHua nwbas ¢urypa coBmewaetca cama c  cobow (ToxpecTseHHoe
npecobpasoBaHue).

Ha puc.2.5 nokasaHbl MHOTOrpaHHUKK, MMElOLLME NMOBOPOTHbIE OCH CUMMMETPUM pasHoro nopagka. Ocb
cMMMeETpUM L, MoXKeT NpoxoauTb Yepes oAHY WK ABe BepllWHbl KpUcTanna — Toraa B BepLKWHE AOMKHbI
CXOAMUTbLCA NPaBHbIX rpaHen (MM KpaTHOE NKUX KOAMYECTBO) - puc.2.5a,6. OcM CMMMETPUMA MOTYT MPOXOAUTb
yepes LUEHTPbI rpaHel —Torga 3TW rpaHM A0KHbI BbITb MHOTOYroNbHUKAMM C YACNOM CTOPOH, PaBHbIM UAK

KpaTHbiM n — puc.2.56,8,r. Ocb L,moxKeT npoxoauTs Yepes cepeduHy pebpa, Torga B aTom pebpe cxoaatca

Kadepgpa kpucrannorpadum CNery 3



Kypc Kpuctannorpadwusa. Pasgen 2 © npod. a.r.-m.H. MyHuH KOpuir Onerosuy

[ABe paBHble rpaHu — puc.2.51. BbIACHWUTb, ABNAETCA 1M AaHHOE HanpasieHWe NOBOPOTHOM OCb0 CUMMETPUH,
posonbHO npocto. [nAa aToro Hago NOCMOTPETb Ha KPUCTann BAOAb 3TOrO HanpasBAeHUA U MOCYMUTATD,
CKO/IbKO pa3 BOKPYT Hero NoBTOPAKTCA paBHbIe rpaHu.

OTmeTUMm ewe, 4To gna oceit cummeTpumn Ls n LgcamocosmelleHne Gurypbl MOXHO NONYYUTL NPU NOBOPOTE
HE TONIbKO Ha 3/IEMEeHTapHbIK Yroa 0CK, HO W Ha KpaTHble emy yrabl - 180° ans Lyn 120° 1 180° ansa Le,T.€. 3TH
ocHW BHK/ItOYaOT B ceba ocu Bonee HU3KMX NOPAOKOB.

IAnemeHmesl cummempuu Il poda.

lnockocmb cummempuu ABNAETCA CaMbiM NPOCTbIM A8 MOHWUMAHUA 3NemMeHTOM cummeTpun llpona. OHa
obosHayaeTca Byksoit m. MNOCKOCTb CUMMETPUU AenuT Urypy Ha Ase 3epKanbHO pasHble 4YacTu, T.
pacnonoMeHHble APYr OTHOCUTENBHO ApYyra Kak npegmeT M ero 3epkanbHoe usobpaxeHuwe — puc.2.6a.
Mpoeega M3 Kaxkpol ToukM GuUrypbl NepneHaMKYNAP K MNAOCKOCTW, nonydymm obpas 3TOM TOYKM Ha
NpPOAO/MKEHUN NepneHAuKYNAapa No APYryk CTOPOHY MJOCKOCTU Ha TaKOM }Ke pPaccTOAHWU, KaK MCXoaHanA
Toyka. MNoguyepKHEem, YTO NJIOCKOCTb CUMMETPUU AenuT GUrypy He NPOCTO Ha paBHble, @ MMEHHO Ha
3epKa/sibHO paBHble YacTu. Tak, Ha puc.2.66 nnockocTb, Nnepecekatowas ¢urypy no amHuu PQ, He AaBnAeTcA
NJIOCKOCTBI0O CUMMETPUMW, XOTA U AeNnT GUrypy Ha pasHble YacTu.

MNOCKOCTU CUMMETPUM MOTYT NPOXOAWTL Yepes LeHTPbl rpaHelt NepneHaMKyNAPHO K HUM, Yepes pebpa,
nepneHamKynsapHo pebpam yepes ux cepeamHbl UM Yepes BEPLUMHbI KpucTanna. Bce BapuaHTbl BUAHbI Ha
puc.2.68. NnocKoCTb cMMMETpUM Nerko obHapyXWUTb, eCc/M CMOTPEeTb BAO/b UCMbITYEMOM MIOCKOCTU M
CpaBHMBaTb YaCTU KPWUCTaNNa, Nexallne No pasHble CTOPOHbLI OT Hee.

Llenmp uHeepcuu, obosHayaeTca 6yksoi C. LUeHTpOM WHBEPCWMM HA3bIBAETCA TOYKA, COBNAAANOWLAA C
LEHTPOM TAXKecTM GUrypbl, NPU OTPaXKEHUW B KOTOPOK ¢urypa cosmelwaetca cama c coboit — puc.2.7.
MNpoBeaA U3 KaxO0M TOUKU GUTrypbl MPAMYIO YEpPEs LLEHTP MHBEPCUMMK, Nonyunum obpas 3Tor TOYKK Mo Apyryro
CTOPOHY OT LeHTpa Ha TaKOM e paccTOfAHWKU OT Hero, YTo U UcxogHasa Touka.Takum obpasom, Kamaomy
anemeHTy Gpurypol (BepimnHe, pebpy, rpaHM) COOTBETCTBYET TAKOM e PaBHOYAa/IEHHbIW OT LLEHTPa 31EMEHT,
npuyem 3KBMBasIeHTHble pebpa M rpaHW pasHbl M NapansienbHbl (TOuHee, aHTUMNapannenbHbl). Noatomy
onpenenuTb HalW4yMe WMAKW OTCYTCTBME LeHTpa WHBEPCUM O4YeHb NpocTo. HyHO nooyepegHo nomewatb
MHOTOTPaHHMK KaXa0M rpaHbio Ha NOBEPXHOCTb CTONA M CMOTPETb, HAMAETCA U ANA HUKHEN rpaHu paBHas
el u NapannenbHaa BepXHAA rpaHb. ECnv 3To TaK, TO UEeHTp MHBEpCUM y GUrypbl ecTb, B NPOTUBHOM ClyYae
ero Her.

WMHeepcuoHHbIe ocu - 3TO OCKM CUMMETPWUM, BbINONHAIOLIME C/OXHbIEe OMNepauum — covyeTaHue NoBopoTa
bUrypbl BOKPYr OCU C OTPa)KeHWem B LEHTPe TAMeCTU urypbl Kak B UeHTpe uHBepcuu. OBo3HauveHuA
MHBEPCUOHHbIX OCeM - Lin, NOPAAKM OCEH N - TE }KE, YTO U ANIA NOBOPOTHbLIX ocei, T.e. n=1,2,3,4,6. Ha puc.2.8a
durypa ABCDEF wmmeeT WMHBEPCUMOHHYHD OCb LWecToro nopsaka L — NMOBOPOT BOKPYr 3TOM OCWM Ha
60°nepesoant ¢urypy 8 A'BCDE'F’, a nocnegyioliee oTpa)keHue B LieHTpe Taxectu O — B durypy,
WOEHTUUYHYIO MucxoaHoW. Obpaujaem BHMUMaHWE, 4YTO 3Ta PUrypa MmeeT NPoOCTyw (MNOBOPOTHYH) OCb
cMMMeTpuu L3, Ho Ha camom aene CMMMeTpUA ee Bbliwe — Lig .

M3 WecTM WMHBEPCMOHHBIX OCEM CUMMETPUM NATb HE ABNAIOTCA CaMOCTOATENbHbIMM, M UX AelACTBUE
3KBMBANIEHTHO AENCTBUIO APYIUX 3/NEMEHTOB CUMMMETPMM MAM UX KombuHaumit: Li=C, Lp=m, Li=L3+C,
Le=Ls+Lm(nocneaHee xopowo BuaHo Ha puc.2.8a). Tonbko LuyABAAeTcA BNOAHE CaMOCTOATENbHOMW
WHBEPCUOHHOM OCbIO, HE 3aMEHAEMON HUKaKMMU KOMBUHALMUAMM, U TONBKO 3TY MHBEPCUOHHYIO OCb UMEET
CMbICA UCKaTb B pUrype — ocTasibHble NONY4aoTCA aBTOMATMYeCcKM U3 bonee NpocTbix A8 NOUCKA 31eMeHTOoB
cummeTpun. Ocb LyobAsaTenbHo cosnagaer ¢ NOBOPOTHOWM ocbio L. Ho npu 3aTom pasHbIX rpaHen,
napannencHbIX UAKM HaKNOHHBIX K ocu, byaeT Basoe 6onble, yem ux bbino 6ol B cnyyae Ly, u coemelatbea
oHM ByayT YeTbipexkpaTHO, TOrAa Kak ocbio L, — TonbKo nonapHo. Tak, Ha ¢durype puc.2.86 ocb L,coemelaer
nosopotom Ha 180° rpaHn ABCu ABD, a Takyke ADCUBCD. Ocb Lis nosopoTom Ha 90° 1 oTpaeHUem B Touke
O nocneposatenbHo coemellaet rpaHMABC—>CDB—->BAD—->DCA.
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OTMETUM €eLle, YTO XOTA MIOCKOCTb CUMMETPUN M OBHapyXUTb, KOHEYHO, ropasao npotule, 4em Lip, yacto
yAobHee NoCKoCTe MNpeAcTaBAATE UMEHHO KaK NePNeHANKYNAPHYIO K 3TOW NIOCKOCTU MHBEPCUOHHYIO OCb
BTOPOro NOPAAKa — C TAKMMWU CNYYaAMW Mbl Aanee CTO/IKHEMCA MPU PAcCMOTPEHUM TEOPEM C/IOXMKEHWUA
(paspen 2.3). JKkeBuBaneHTHoCTb Li; M mnokasaHa Ha puc. 28s: nosopoT Ha 180° Bokpyr ocu Lipaet
npeobpasosaHue AB—>A'B’, oTpameHue B UeHTpe durypbl — nepexon A'B'—>A’'B; oTpaeHue B NNOCKOCTH
m, neprneHanKynapHoi L, npeobpasyert cpasy ABBA''B.

B oaHOM MHOrorpaHHuMKe MOMET MPUCYTCTBOBaTb HECKO/IbKO (MHOrAa [0BONBHO MHOTO) 3/1EMEHTOB
cummeTpun. Hanpumep, B usobparkeHHOM Ha puc.2.9 kybe MmeroTca TpU ocu yeTBepToro nopsaaxa 3la,
nepneHaAMKYNAPHbIX rpaHAM Kyba M1, COOTBETCTBEHHO, B3aUMHO NepneHAMKynapHbix (a). Yepes 8 nonapHo
NPOTMBOMNO/IOXHbLIX BEPLWMH Kyba (B Kax4OW M3 KOTOPbIX CXOAMTCA MO TPW rpaHK) NPOXOLAT YeTbipe ocu
TpeTbero nopagka 4L;(6). Yepes cepeauHbl gBeHaguaTv NonapHoO NPOTMBONONOXHbIX pebep Kyba npoxoaat
lecTb ocer BToporo nopsgaka 6L;(8). C N1OCKOCTAMU CUMMETPUM HEMHOTO C/IOXHEee, XOpoLwo BUAHO, YTO
€CTb N/IOCKOCTU CUMMETPUM, NEPNEHANKYNAPHDBIE TPEM OCAM YETBEPTOro nopagKa, utoro 3m (r). Kpome Toro,
€CTb ANaroHanbHblE NAOCKOCTU, NEPNEHANKYNAPHBIE KaXA0M U3 LLECTU OCEW BTOPOro Nopsaaka, utoro 6m
(n). B cymme umeem aeBsaTb NAockocTer cummeTpumn 9m. U ecTb LEHTP MHBEPCUM, TaK KaK KaXKaoW rpaHu
Kyba MmeeTca napannenbHas U paBHaa el rpaHb. Jpyrux aNemeHTOB CMMMETPUKU HeT. Tenepb MOMKem
3anucartb hopmysny cummempuu Kyba, unu yuebryio dopmyny bpase: 3L44L36L,9mC. MNpu 3anunck popmynsbl
Bpaseus MMeLUXCA 3N1EMEHTOB CUMMETPUM CHauyana BbINMUCbIBAEM OCHU CUMMETPUM BBICLLETO NOPAAKA,
NPOCTblE U UHBEPCUOHHbIE, 3aTEM OCU BTOPOro NOPA/AKA, Aanee — NIOCKOCTU CUMMETPUK, U NOCAeaHUM —
LeHTP uHBepcun. WcknoueHumem SABAAKOTCA KpucTannbl, umetowme 4l; — 3Ty KombuHauuio Bcerga
3anucbiBaloT Ha BTOopom Mecte. Ha nepsBom mecte B 3TOM CAyyae 3anucbiBalOT TPWU  B3aUMHO

nepneHAnKy/ApHbIX OCM CUMMETPUK, KOTOPbIMU MOTYT BbITb KaK Ly nnu Lig, Tak 1 L, — cm.paspen 2.4,

2.3.B3aMMOAeACTBUE 3/IEMEHTOB CUMMETPpUM (Teopembl CNOXKEHUA)

XoTa B KpUcTanne MmoxeT BbITb HECKO/IbKO Pa3HbIX 3/IEMEHTOB CUMMETPUK, UX COBOKYMHOCTb HE MOXKET BbiTb
Npou3Bo/ibHOM. TpexmepHan NepruoanyHOCTb CTPYKTYPbI KPUCTanNa HaKkNaAbIBAET KeCTKME OrpaHUYeHuUA Ha
BO3MOMKHbIE COYETaHUA 3NEeMEHTOB CUMMETPUK. [1eNo B TOM, YTO 3/1eMEHTbI CUMMETPUU CBA3aHbl ApPYr C
OPYrom, B3aMmosaBucumbl. [encTBMTeNnbHO, NocnefoBaTeNbHOE BbINONHEHME ABYX ONepauui CMMMETPUM
g1 1 g, CamMo ABNAGTCA onepauunen CUMMETPUN, TaK Kak ocTasnset ¢urypy HemsmeHHol: A(gi)—> A'(g2)>A"
akBMBaneHTHO A(gs)>A’". OTa TpeTba onepauus gsHasbiBaeTca pasHodelicmayrowieli ABYM NepsBbiM giM g2, a
nocnegoBaTe/IbHOE BbINOJIHEHUE ABYX OMepauuil CUMMETPUU — YMHOX(eHuem onepauui. Takum obpasom,
ecnn G —nonHbIA Habop onepauMii CUMMETPUKM AaHHOW GuUrypsbl, ag:, g2 €G — onepaunn M3 atoro Habopa,
TOg1-82 eG—onepauua M3 3Toro e Habopa. [MockonbKky 3TOo BepHO Ana Nbbix onepauuin CUMMeTpUK U3
paHHOro Habopa, TO OHU COCTaBAAIOT 3aMKHYTYHO Tpynny (T.e. NnocneaoBaTeNbHbIM NEPEMHOMEHUEM BCEX
nap onepauuii Mbl NONYYMM BCE ONEPALMM M3 3TOM e rPynnbl, U HUYErO CBEPX 3TOTO).

B kauectee npumepa paccmoTpum Urypy, MUMEIOLY NAOCKOCTE CUMMETPUMM U LEeHTp uHeBepcumC —
puc.2.10a. PasmHOaA nNocnegosaTelbHO aCUMMETPUUYHYIO TOUKY 3TUMMK 3nemeHTamu (puc.2.106 ) :1-2,
1->3, 354, nerko obHapyXuMBaem, UTO TOYKU CBA3AHbI TAKXKE OCb0 CMMMETpUM L, nepneHAMKynapHONA
nnockoctu m: 1->4, 2->3. Takum obpaszom, NnpounsseneHue KaxablX ABYX onepaumii gaeT TPeTbio onepauuio
aToro e Habopa: m-C=L;, m-L,=C, L,-C=m.[InA cTporoctv 3ameTum, 4To Habop AONONHAETCA elle onepauuen
MOEHTUYHOCTM, UNK OCblo L1, KoTopol sienaeTca noboe HanpasneHne B KpUCTanne.

B reomeTpuyeckon Kpuctannorpapum NpUHATO roBopuTb He 06 YMHOMKEHMM onepaumini CUMMMETPUMK, a O
cr1o0MeHuU anemeHmos cummempuu. MNpasuna, KOTopble NO3BOAAIOT NO ABYM 31eMEHTaM CUMMETPUU HAUTH
TPETUIM, UM PaBHOAENCTBYIOWMWA INEMEHT CUMMETPUM, HA3bIBAKOTCA MEopemMamu CAOXeHUA. PaccmMoTpum
3TV TEOpeMmbl.
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Bce anemMeHTbl CUMMETPUU KPUCTANINYECKUX MHOTFOrPaHHUKOB ABAAKTCA OCAMU CUMMETPUM — NPOCTbIMU
WA MHBEpPCUOHHbIMKM (MmUCcBoaaTca K Li; 1 L cooTseTcTBeHHO). [oaToMy BCce Teopembl CAOXKeHUA ANA
MHOFOrPaHHUKOB ABAAKOTCA YacTHbIMW caydasmu  obuied meopemsi Slinepa: nosopom eoKpye 08yx
nepecekaowjuxca ocell cummempuu 3KeusaseHmeH [08oOpomMy B80OKpy2e mpemsell ocu, UM
pasHodelicmeyoweli (u npoxodawell 4epes moyKy ux nepeceyeHusa). HalTM nonoeHue
pPaBHOEWCTBYIOLLE OCM M ee 3/IeMeHTapHbIA Yro/l NoBopoTa MOXHO cregylouwmm obpasom (puc.2.11):
a)uepes UcxoaHble 0CK NPOBOAUM NAOCKOCTb 1; B)uepes oaHy U3 Ocel NPOBOAUM MAOCKOCTb 2 Nog, Yriom K
NI0CKOCTU 1, paBHbIM MONOBUHE 3/IEMEHTAPHOrO yr/1a NoBOPOTa 3TOW OCK; B)4EpPe3 BTOPYIO OCb MPOBOAUM
NAOCKOCTb 3 NOA YINOM K NAIOCKOCTM 1, paBHbIM NONOBMHE 3/1IEMEHTAPHOTO YrAa NOBOPOTA 3TOM OCK; ) IMHUA
nepeceyeHnn nnockocter 2 U 3 byneT MCKOMOW paBHOAENCTBYIOLWLENA OCbIO CUMMETPUM, a Yron Mexay
NAOCKOCTAMM 2 M 3 paBeH NONOBMHE 3/NIEMEHTAPHOrO Yrna NOBOPOTa 3TOW OCU; A)eCIN UCXOAHblE OCH
CUMMETPUM oaHopoaHble (obe npocTbie unn obe HBEPCUOHHbIE), paBHOAENCTBYHOLLAA Ocb byaeT npocToi;
ec/inKe OHW pasHopogHble(ogHa npocTan, Apyras WMHBEPCUOHHan), pasHoAeNcTeylowasa ocb 6byaer
MHBEPCUOHHON.

Mpu npakTUYECKOM ONpeaeneHUn 31IEMEHTOB CUMMETPUU KPUCTANNNYECKUX MHOTOTPaHHUKOB TEOPEMOM
3Wnepa Nonb3oBaTbcA HeyaobHo. MoaToMy UCNoNb3YHOT Bonee NPOCTble YaCTHbIE BAPWaHTbI 3TOM TEOPEMBI.
Teopema 1. [lee NOBOPOTHbIE OCU CUMMETPUM BTOPOrO NOPAAKa, NepeceKalowmecs nog yrnom A, gawoT 8
KayecTBe PaBHOAENCTBYIOLLEN MNOBOPOTHYHD OCb CUMMETPUMU NOPAAKAE NC 3/IEMEHTaPHbIM YI/IOM NOBOPOTA
a=2A, NnepneHAUKYNAPHYIO 06eMM UCXOAHBIM OCAM.

Cnedcmeue la.Echn NoBOPOTHOM OCU CMMMETPUM MOPAAKA N NEpneHAMKYNApHa MOBOPOTHaA OCb

CMMMETPUM BTOPOTO NOPALKA, TaKMX OCE BTOpPOro nopaaka byaer n (CTONbKO, KaKOB NOPAAOK UCXOOHOM
ocu).

Cnedcmeue _16. EcnM MHBEPCUOHHOM OCM CUMMETPUM MOpAdKa nneprneHAWKYNApHa NOBOPOTHAaA OCb
CUMMETPUM BTOPOTO NOPA/Ka, TaKUX OCEA BTOPOro nopsaaKka byaeT CTONbKO, KaKoB NOPAAOK MPOCTOM ocu,
coBnagalollei c MHBepcuoHHoM (3 ana L, 2 ana L, 3 ana Li).

Teopema 2. [Be MNOCKOCTM CUMMETPUM, MNepecekalwlmMecs nog yrniom A, [aloT B KayecTse
paBHOAENCTBYIOWEN NOBOPOTHYIO OCb CUMMETPMM NOPAAKA N C 3NeMEHTapPHbIM YIrNoM nosopoTa a=2A,
COBMaAaloLLYIo C IMHWER NepeceyeHmna NCXOAHbIX MAOCKOCTEN.

Cnedcmeue 2a. Ecnu yepes NOBOPOTHYIO OCb CUMMETPUKM NOPAAKA N NPOXOAMUT NIOCKOCTb CUMMETPUM, TaKUX
naockocTen byaetn (CTONbKO, KAaKOB NOPAAOK MCXOAHOM OCcK).

Cnedcmeue 26. Ecnv yepes MHBEPCUOHHYK OCb CUMMETPUM MOPSAAKA N NMPOXOAWUT MJIOCKOCTb CUMMETPUMN,
TakuUx naockocten ByaeT cToNbKO, KaKoB NOPAA0K NPOCTOM OCK, COBMNaaaolLen ¢ MHBepcuoHHoM (3 ans L,
2 ans Lis, 3 ansa Lig).

Teopema 3. [OBOPOTHaA 0Cb CUMMETPWM BTOPOrO NOPAAKAE U MNAOCKOCTb CUMMETPUU, Nepecekaowmecs nog,
yrnom A, AaloT B KauecTBe paBHOAEACTBYOLLE MHBEPCUOHHYHO OCb CUMMETPUM NOPAAKA NC 3/1eMeHTapHbIM
yrnom nosopota a=180°-2A, nexkawyo B NAOCKOCTU CUMMETPUU U NEPNEHOAMKYAAPHYIO MCXOAHOM OCH
BTOpOro nopagaka. ( 3ameyaHue: ecnv BMeCTO NJOCKOCTU CUMMETPUM PACcCMOTPETbL NEPNEHAUKYNAPHYIO et
MHBEPCUOHHYIO OCb BTOPOTro NopsAaKa, MepeceKalowyloca ¢ MCXO4HOW NOBOPOTHOM ocblo nog yriom A'=90°-
A, nonyuum a=2X’, Kak 1 Ans npeabiayLimnx Teopem).

Cnedcmeue 3a.Ecnm yepes MHBEPCUOHHYIO OCb CUMMETPUM C 3/IEMEHTaPHbIM YI/IOM NOBOPOTa O MPOXoauT
MIOCKOCTb CUMMETPUM, TO UMEETCA MNepneHaUKYNAPHaA MHBEPCUMOHHOW OCU NOBOPOTHAA OCb CUMMETPUM
BTOPOro nopAaKa noj yraom K NAockoct cummetpum A=90°-a/2. AHanorvuHo, ocb Ly, nepneHgurynapHan
WHBEPCMOHHOWM OCW, AAET MJIOCKOCTb CUMMETPUM, MPOXOAALLYIO Yepe3 MHBEPCMOHHYIO OCb U AENatoyk C
ocbio Layron A=90°-a/2.

Cnedcmeue 36.Ecnu  NNOCKOCTb CUMMETPUM  NEPRNEHAUKYNAPHA NOBOPOTHOM OCHM CUMMETPUM BTOPOTO
nopaaKa, TO Ha UX NepecevyeHnn MMeeTca LEHTP MHBepcuun. Cnpasen/iuebl M BCE NepecTaHOBKU B 3TOM
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YTBEPXKAEHUWN: LEHTP MHBEPCUM U NNOCKOCTb CUMMETPUU AAI0T Ly, NnepneHgnKyNApHYO NAOCKOCTW; LEHTP
MHBEPCUM U OCb L,4at0T NNOCKOCTE CUMMETPUK, NEPNEHAMKYAAPHYIO ock (cm. puc.2.10).

MockonbKy nobas ocb CUMMETPUM YETHOrO MOPAAKa BKAKOHYaeT OCb BTOPOro nopsagka (nosopot Ha 180°
paseH 2x90° unu 3x60°), To cneacteme 36 MOXHO pPaclMPUTL: OCb YETHOTO NopAaaKa U NepneHgUKynapHas
el NAOCKOCTb CMMMETPMM AT Ha MX MNepecedYeHun UEeHTp MHBepcuun. YAobHO Takwe cneayioulee
paclinpeHne: ecnn ecTb UEHTP WHBEPCWMK, TO naockocTemn CMMMETPHUKM CTONBKO, CKONMBKO ocen 4YeTHoro
nopsagka (v Haobopor).

WNcnonb3oBaHue Teopem CnoXeHuAa 3Ha4YUTeE/IbHO obneryaert onpegeneHne 3aNemeHToB CUMMMETPUU

KPUCTaNANYeCKMX MHOTOrpaHHMKOB.

2.4. Buabl cummeTpum (ToueyHble rpynnbl CUMMETpPUHM).

Mbl y}e BWMAENWN, YTO KPUCTaNNUMUECKUE MHOTOrpaHHUKUM HEe MOryT UMeTb MNPOM3BOMLHOMO coyeTaHuA
aNemMeHToOB CMMMETPHUKM B CHUNY B3aHMO,ﬂ,eFICTBHH 3TUX 3nemMeHToB. KoNMYecTBO BO3MOMKHbIX HaﬁOpOB
3INEMEHTOB CMMMETPKWK B KPpUCTannax orpaHU4eHoO — X BCETO 32, M Ha3blBaOTCA OHWU 8UOLI cummempuu. C
OPYroii CTOpPOHbI, MOCKO/IbKY OnepauMn CMMMETpUM 06pasyloT 3aMKHyTyl rpynny (B anrebpauueckom
CMbIC/E), TO Apyroe HasBaHWe BUAOB CUMMETPUU — moYeyHble epynbl cuMmempuu (ToYedHble — Tak Kak
nrobble cummeTpuyeckue npeobpasoBaHUA OCTAaBAAT XOTA Obl OA4HY TOYKY GUrypbl HENOABUMKHOW, He
npeobpasylowenca B Apyrve To4KK).

3HaA TEOPEMbI C/IOKEHWUA 3IEMEHTOB CUMMETPUN, Mbl MOMKEM BbIBECTU BCE BO3MOXHbIE ANA KPUCTaNN0B
BMAbl cMMMeTpuu. TMpUHUMN BbiIBOAa NPOCT: 3agaem npocTeiwme Habopbl 31EMEHTOB CUMMETPUU
(nopoxdarowue anemeHTbl, UU 2eHEpPamopsl), 1 U3 3TUX NPOCTEAWnX HabopoB C MOMOLLLIO Teopem
CNIOMEHWA NoyYaem NosHble Habopbl 31eMeHTOB CUMMeTPUU. BO3MOXHbI cemMb Nopoxaaowmx Habopos,
HE BbIBOAMMbIX APYr U3 Apyra C NOMOLLbI TEOPEM CNOMEHUA. M COOTBETCTBYIOT CEMb CEMEWCTB BMAOB
CUMMETPUM:

”QUMU!’HUBHb.‘E — O04Ha NOBOPOTHaA OCb CUMMETPKWKX NOpPAAKa n.

HHeepcUoHHO-NMPpUMUMUEBHbLIE — 0 AHa WHBEPCHMOHHAA OCb CMMMETPKMK NopALKa n.

QEngaﬁbe.‘e— NOBOPOTHaA OCb CMMMETPUKU NOpAJKa NU LLEHTP MHBEPCUN.
[lnaHanbHele — noBOPOTHAA OCb CUMMETPUU NOPALOKA NK NPOXoaAllan Yepes Hee NNOCKOCTb CUMMETPUN.

MHSEDCUOHHO-H!IGHGﬂbe.‘e—HHBEpCMOHHaH OCb CHMMETPWMK NOPAAKaA N KM NpoXodAllan Yepes Hee NNOCKOCTb

CUMMETPUM.
AKcuanbHbie — TNOBOPOTHAA OCb CUMMMETPUM MOpPAAKAE N W NepneHauKy/NApHas €M MNOBOPOTHaA oOcCb
CUMMMETPUM BTOPOro NOpPALKaA.

AKcuanbHo-ueHmpanbHble — H360p anemMeHToB CMMMETPHUK aKCHaNbHOTO cemeincTea 1 UEHTP MHBEPCKK.

Tenepb, UCNONB3YA TEOPEMbI CNOMKEHWUA, COCTAaBUM Tabauuy BuAOB cummeTpum (Tabn.2.1). B BepxHeit rpade
Tabnuubl NnomelLaem ceMb reHeEPaToOpPOB, B N€BOM cToNBLE — NOPALOK NOPOXKAAlOLWeH ocu cummeTpun. B
KneTkax Tabnuubl nomeliaem nonHble Habopbl SNEMEHTOB CUMMETPUM, MONYYEHHbIE U3 NOPOIKAAMOLMX
HabopoB. HekoTopble BUABI CUMMETPUM MOTYT BbITb MNOAYYEHbl  MUCXO4A W3 PasHbIX reHepaTopos.
MNoBTopAtowmeca Habopbl byaem 3aknto4yaTbh B CKODKM.

Mocuntas TONbKO HENOBTOPAOLWMECA HABOPbI IN1EMEHTOB CUMMETPUU, NoAydnuM 27 BUAOB cummeTpun. Ha
camom gene ux bonblie. CyulecTByoT BbICOKOCMMMETPUYHbIE KPUCTaN/bl, cogepsKaline bonee ogHoOM ocn
Bbiclero nopagka. lpoctedwunii Habop 3/1eMEHTOB CMMMETPUM Ana Takux Kpuctaanoes — 3L4Ls.
CooTBeTcTBYIOWMIA BUL cMMMeTpun Bygem cuuTaTb NpuMUTUBHbIM. [lobaeBneHue UeHTpa MHBEpPCUM
nepeBoauT 3TOT BUA CUMMETPUM B LLEeHTpanbHbli (AMBo B MHBEPCUOHHO-NPUMUTUBHDBIN, TaK Kak Ls+C=Lis;
npeanoyYTeEHWE OTAAEM LEHTpanbHOMy BuAY cMmmeTpuu). Mposogayepes 4L; NAOCKOCTM CMMMETPUM,
NOAYYUM NAAHANBHLIW BUA cMMMmeTpuKn, OgHaKo nNpum aTom ocu Lr npespalatoTca B MHBEPCUMOHHbIE OcK Lis B

COOTBETCTBUUK C TEOPEMOFI 3. I'Ioammy r[l.aHHbIl::I B CMMMETPMKM OTHECEM K MHBEPCHMOHHO-N/MaHanbHOMY
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cemenctey. [lobaBneHne K npumMuTMBHOMY Habopy 3L.4L:; AONOAHUTENBHBLIX OCEA CUMMETPUM MO
OVaroHanAM MeXay KarKaoW napowW MCXOgHbIX oceW LpAaeT akcuanbHbIM BMA, CUMMETPWUM, NMPU STOM
ucxoaHble ocu LrnpeBpallatoTca B ocu YeTBepToro nopaaka 3L48 cooTeeTcTBMM ¢ Teopemoir 1. HakoHeu,
pobasneHne K akcmanbHomy Habopy LeHTpa MHBEpCUU 4aeT aKCMaNbHO-LEeHTPanbHbIM BUA, CUMMETPUM.
UToro mbl nony4ymnu ewe nATbL BMAOB CMMMETpPUM, a Bcero — 32 snaa. ITUMM TPUALATLIO ABYMA BUAAMM
CUMMETPUMn ucyepnbiBaeTcA BCE pasHoobpasue CUMMETPUU KPUCTaNNu4yeckmx
MHororpaHHukos.OcBaunBaloLWMM Kypc NpeanaraeTca B KadecTse ynparKHeHuA

CaMOCTOATE/IbHO MONYy4YUTb BCe Habopbl 3/IeMEHTOB CUMMETPUU, OoTBevawwme 32-Mm BUAAM CUMMETPUU U
npeactasneHHble B Tabauue 2.1. lNokasaHHble B KAeTKax Tabauupl cTepeorpaduyeckme NPOEKUUK
3N1eMeHTOB CUMMETPUM ByayT paccMoTpeHbl ganee, B pasgene 3.

2.5. Kateropuu 1 CMHroHuMW. EaAMHUYHBbIE HanpaBneHus.

Pa3sHble BnAbl CUMMETPWK CYLLECTBEHHO Pas3nM4YakOTCA NO CTenNeHn CMMMETPWUYHOCTK, 4TO XOpowo BMAHO B
Tabnuue 2.1. MoxHo 32 BMAA CUMMETPUM CTPYNNUPOBaTb B TPU KAMe20puu — HA3LLYIO, CPEeHIOK W BbICLLYHO.
K Huzwel KaTeropum Byaem OTHOCUTb BUAbI CUMMETPUM, HE COAEpPIKaLLME OCed CMMMETPUM BbICLUEro
nopsaaKa (T.e. nopaakKa sbiwe BToporo). K cpedHell KaTeropun OTHOCATCA BUAA CUMMETPUU, UMEIOLLUE OAHY
OCb CMMMETPKW BbICLUETO NopAaaKa. B 8bICWYH KaTeropuvo nonagakoT BbICOKOCMMMETPKWYHBIE KPWCTaaibl C
HECKOJ/IbKMUMM OCAMM CUMMETPUM Bbiclero nopaaKa (tabn.2.1).

[anee, BHYTPW KaTeropuii MOMHO NPOBECTU AaNbHENWy TPYNNUMPOBKY BMAOB CMMMETPUM, Bblaenan 7
CuHzoHul (rpey.cuH — oAMHaKOoBbIN, 2oHUA — yron). CMbica 3Toro TepmuHa ByaeT AceH B ganbHeilwem, Koraa
Mbl BBEZIEM KpuUcTannorpaduuyeckyo cuctemy KoopauHat — pasgen 5.2. Torpa e NpoOACHUTCA M CMbICH
Ha3BaHWUI pasHbiX CUHroHWIA. MNoKa 3aMeTUM TONbKO, UTO B HasBaHWA BONbLIMHCTBA CUHTOHWIA BXOAAT
rpeq4eckme YWUCAMTENbHBIE. nOCKOﬂbe 3TU YMUCNWUTENbHbIE BXOOAT W B ApYrMe COCTaBHble TepMWHBbI
reomMeTpUYecKon Kpuctannorpaduu, 4agmum Ux nepeyeHb:

MoHo - oguH, Ou — aBa, mpu — TpPU, mempa — YeTbIpe, NeHma — NATb, 2eKCd —LeCTb, OKMJ — BOCEMb,0eKd —
pecAaTtb,000eKka — ABeHaauaTh.

B tabnuue 2.2 AaHbl XapaKTePUCTUKU CUHTOHUIA MO CUMMETPUK.

O cTeneHn CUMMETPUYHOCTM KPUCTANNIOB MOMHO CYAWUTb TaKMe MO KONMYECTBY B HWUX 0COBbIX, MM
EO0WMHWYHbIX HanpaeneHW FI Mbl YHe 3Haem, 4To CBOﬁCTBa KPWUCTaNNoe pas/iM4dHbl NO pPpasHbIM HanpaeneHmam
{anaoTporle HpMCTaﬂﬂOB). Ho ecnu AaHHOE HanpaeneHwe pasMHOMaeTCcA 3NeMeHTaMKW CUMMMETPHUMK
KpWUCTanna, 3HauyuT, AJ1A 3TOro HanpaeB/IEHUA eCTb 3KBMBA/NIEHTHbIE HanpaB/ieHWA,B KOTOPbIX CBOMCTBa byayT
Takumu e. HanpasneHus, cBA3aHHble 3N1eMEHTaMU CUMMETPUM, Ha3bIBAKTCA cUMMempuUYHO-paeHsimu. C
,ﬂ,pVFOFI CTOpPOHBI, B KpWCTanne BO3MOM¥Hbl HanpaBneHWA, KOTOPble HE PasMHOMaKTCA 3M1eMeHTaMM
CUMMETPUM, MM HET IKBUBAJIEHTHbIX, CUMMETPUYHO-PaBHbIX HanpasieHUW. CBOWCTBaA B TakUX 0COOBbIX
HanpasBAeHUAX  MOryT OT/AMYaTbCA OT CBOMCTB B A06bIX APYrMX HanpasBnaeHuax. 3TWM Hanpas/ieHuA
Ha3blBaloTCA eQUHUYHbLIMU. MOHATHO, YTO YEM BblLLE CUMMETPUA KPUCTANNA, TEM MEHbLUE B HEM egUHMUYHbIX
HanpasaeHuWi

B kpucmannax esicweli kamezopuu (Kybuueckas cuHroHus), 6Gnarogaps WX BbICOKOW CUMMETPUM,
eIMHUYHbIX HanpaBAeHU HeT — NIbomy HanpasAeHUID HaNAYTCA CUMMMETPUYHO-PaBHble HanpasneHua. B
Kpucmannax cpedHef} Kamezopuu BO3MOMHO TONbKO OOHO eAMHWYHOE HanpasBneHwWe, CcoBnajakwouiee C
e4MHCTBEHHOM OCblo CUMMETPUU BbICLLEro NopaaKa. Bce apyrue HanpasaeHUA 3TOM OCblo cumMmmeTpuu By ayT
pasMHOMaTbCA. 3ameTMM cpasy, 4YTO 3TO A[aeT [AOMNONHUTENbHbIA KpuTepuid ana obHapyKeHua
WHBEPCMOHHOW OCU CMMMETPUM 4YeTBepToro nopagKka. Ecam HalpeHHasa ocb LABnAaeTca eguHUYHBIM
HanpasAeHUeMm, U ApYrux egMHUYHbIX HanpaeneHuin 8 durype Het, To 3To ocb Lia.

Ona Huswell kamezopuu eAWHUYHBLIX HanpasaeHuin Bonblue OAHOro, HO BPA3HLIXCMHTOHMAX MX pasHoe

KONMN4eCcTBO. KpMCTaﬂﬂbl pOM6UHECKOG CUH20HUU MMEKDT TPKW B3aMMHO NepneHaUMKYyNApPHBIX OCKM CUMMETPKUK
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BTOPOro MnopAgKa — NpocTble WX UHBEPCUOHHbIE (NepneHauKynsapbl K niockoctam cummerpun). C aTumm
OCAMM COBMaZaloT TPW €OUHUYHBLIX HanpasneHua. [eldcTBUTENbHO, KaXKaoe M3 3TUX HanpasieHui ABymA
OCTaBlWMmMKMCA nNepneHAUMKYyNApHeIMKWM K HEMY OCAMKWM CMMMETPHUKW HE PasMHOMAETCA —NMPOUCXoAWNT NKMWb
COBMELLEHWE MPOTMBOMOJIOXKHbIX KOHLUOB HanpasieHWa npu nosopote Ha 180° Bokpyr L, uam npwm
oTpa)KeHuu B nnockoctum. fiobble Apyrue HanpasneHWa, KPOME ITUX TPEX, OCAMM CUMMETPUM BTOPOro
NopafKa WAM MJIOCKOCTAMM CUMMETPUKM pasmMmHoxKaloTca (yasaueaioTca).B Kpuctannax MOHOKAUHHOU
CUHZ2OHUU WMMEETCA TONIbKO OAHa OCb BTOpOro nopagKa — nNpocrtaa Wi MHBEPCHMOHHAA. HanpaBnE:HMe,
coBnagarwouiee C 3TOM OCbHO, ABNAETCA eAMHWYHBbIM WM HEe pPasMHOMAaEeTCA, TaK KaK APYrnx 3anemeHTOB
cMMMeTpuK (Kpome, MoKeT bbiTb, LeHTpa WMHBEpPCcMM) HeT. Kpome TOro, He pasMHOMalTcA WM Bce
Hanpas/ieHnn, NeaLL e B NNOCKOCTH, NepneHauKynapHoin Linaul; (T.e. B niockoctn m). Utak, B Kpuctaniax
MOHOK/IMHHON CUHTOHUM MMEETCA MHOMECTBO eAUMHMYHDBIX HanpasneHuit (pasnmMyalowmxca mexxagy coboit!),
HO HE BCe HanpaeneHWA eJUHWUYHBbI. B KPpWUCTannax mpUKﬂUHHOﬁ CUH2OHUU eAMHWYHBI BCE HanpaBneHWA (H
BCE OHM MeXay coBol pasNnMyaloTca), NOCKO/bKY HET 3/1IEMEHTOB CUMMETPUM, KOTOpble Bbl UX PasMHOMKaNu.
Ecnn ectb UEHTP MHBEPCKMK, TO OH NMWLUb COBMELLAET Ppa3Hble KOHUbl KaXaOoro HanpaesneHWA.

xapaKTepHCTHHa KaTEFOpHﬁ M CUMHFOHWMW NoO KOMTMYHECTBY WM pPacnonoXeHUw eidWMHWUYHbIX Hal'lpaB)"IEHHFI

npusegeHa B Tabnuue 2.2

2.6. MonsapHblie HanpasneHua

EAMHWYHbIE HanNpaBAeHWA MMEIOT BaXKHOE 3HauYeHMeB KpucTaniodusmKke, Tak Kak GpUsMYECKMEeCBOICTBA B
€0MHUYHbIX HanpaBaeHUAX MoryT 6biTb 0COBbIMM, YHUKANbHBIMKM ANA AaHHOro Kpuctanna. Ewe 6onbluee
3HaYeHWE WMEIOT [IOMAPHbLIE HAMpasneHus, C KOTOPbIMM CBA3aHbl CBOWCTBA, MMEIOWME LIMPOKOE
npMMeHeHWe B COBpeMeHHOW TexHuKe. MoNAapHbIMKU ABAAIOTCA HanpasAeHWUA, NPOTUBOMNOMOMHbIE KOHLBI
KOTOPbIX He MOryT 6biTb COBMELLEHbl 3M1EMEHTaMMU CUMMEeTpUMM Kpuctanna. OTcioga cpasy fICHO, YTo B
KpucTannax, obnagalowmx LeHTPOM MHBEPCUM, MOAAPHBLIX HanpasieHW (M CBA3AHHLIX C HUMM 0COBbIX
dun3mueckux ceomcts) BbiTb He moxeT. B Kpuctannax 6e3 ueHTpa MHBEPCUMM He ABNAIOTCA MNONAPHLIMU
MHBEPCMOHHbIE OCU (B TOM YMce NepneHaANKYNAPbI K NAOCKOCTAM CUMMETPUM Li;),a TakKe BCe HanpasneHus,
nepneHAMKyNApHble K MOBOPOTHbIM OCAM CMMMETPWMM YETHOTo MopsAAKa (M nepneHAMKyAApHble K L,
BKNtoYatowei Ly). Bce ocTanbHble HanpaBneHus B BeCLEHTPOBbIX KpUCTanNax NONAPHbLI.

C NOJIAPHBIMU EAUHUYHBIMKM HaNpaB/leHUAMM CBA3aHO Takoe Ba)kHoe du3nyeckoe sABfeHWe, Kak
nuposnekmpuyecmeo (rpey.nup — oroHb) — CNOHTaHHAA 3/IEKTPUYECKas MONAPU3aLMA KPUCTAN/IoB BAO/Ib
3TUX HaNpaB/IEHWI, BEJIMUMHA KOTOPOW MEHAETCA €  M3MeHeHuem TemnepaTypbl. Ocobbii Knacc
NUPO3NEKTPMKOB, Haubosiee UEHHbIN A8 TEXHUUYECKUX NMPUIOXKEHUN - Ce2HemO3/eKmpPuUKU, B KOTOPbIX
Hanpas/ieHWe CNOHTaHHOW nonApu3aumm (T.e. NONAPHOE eAMHWYHOE Hanpas/eHUe) MOMKHO M3MEHATb
NPUIOXKEHWEM BHELLIHErO 3/1KTPUYECKOTO NoAA.

C nobbiMK NOAAPHBIMKM HanNpasAeHUAMM, He 0DA3aTEeNbHO eAMHUYHbIMM, CBA3AHO APYroe BaykHOe AnA
TEXHUKW ABNEHWUe — nbe3oasnekmpuyeckull aghgpekm (rped.noes3o — paBuUTb),T.e. BOSHUKHOBEHME NO 3TUM
HanpaB/eHUAM IMEKTPUYECKON MOAAPMU3ALUM NOL AEUCTBMEM MeXaHUUECKMX HanpasKeHWid (M obpaTHbIi
apdekT — gedopmaumn Kpuctanna nog, Aencrenem anektpudeckoro nosns).MogpobHoctu cm. B pasaene ...
Mo pa3sHbiM KOHLAM MOJMAPHbIX HaNpas/ieHWA MOTYT TaK}Ke pa3/iMyaTbCA CKOPOCTU pOCTa KpUcTania u ero
orpaHka (cm.puc. ... 9) .

B tabnuue 2.3 npeacrtasneHbl HecueHTpoBble BUAbI CUMMETPUM U YKasaHbl NOAAPHbIE WM HEMOAAPHblE
HanpaB/ieHWs, a TaKXe Ha/iMyne NUPo-U Mbe303/IEeKTPUYECKUX cBoicTB. OBbpallaem BHMMaHWe, 4TO
aUEHTPUYECKUE KPUCTanabl akCManbHOro BUAA CUMMETPUM Kybuueckoin cuHroHmn 3Ls4L56L,;, HecmoTpa Ha
Hanu4yme NONAPHbLIX HaNpasAeHUM, Nbe303aNeKTpUYeckum addekTom He obnagalor.
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2.7. NpepenbHblie rpynnbl CAMMETPUM

CummeTpusa GU3NYECKUX CBOMCTB KPUCTA/IIOB HE MOXKET BbITb HUMKe ero cob6CTBEHHOW cMMMeTpUu (NpUHUMN
HelimaHa), HO OYEHb YacTO OHa BblLLE, U ONUCLIBAETCA BO MHOTUX CYYanX Tak HasblBaeMbiMK rnpedensHeimu
epynnamu cummempuu, wan rpynnamu Kiopu. B oTanume oT  Kpuctannorpadpuyeckux ToveuyHbiX rpynn
npeaenbHble TPYNnbl COAepaT OCU CUMMETPUM BeckoHeuyHoro nopsagKka L., T.e. HanpasBneHus, npu
NOBOPOTE BOKPYT KOTOPbIX Ha NtoboW, B TOM YMcie U BECKOHEYHO Manblii yron, 06 bEKT COBMELLAETCA CaM C
coboii. Kpome Toro, 06BbEKT MOMKET UMeTb BECKOHEYHOE KONMYECTBO HEKOTOPbLIX 31EMEHTOB CUMMETPUM.
MomMUMO GU3IMYECKUX CBOMCTB KPUCTAaNNoB , NpefenbHble TpPynnbl CUMMETPUM ONUCBIBAIOT TaK¥Ke
CMMMETPUIO CPes, KpUCTaNIN3aLmm (TOYHEE, CUMMETPUIO TENAOBbIX, ANPPY3MOHHBIX U TMAPOAMHAMUYECKMX
nonen B cpede KpuUCTanavsaumm BOKPYr pacTywero Kpuctanna). Kak mbl yeugum panole (pasgen...),
CUMMETPUA CPpeabl KPUCTaNTU3aLUUM BIUAET HA BHELIHIOK CUMMETPUIO KPUCTaNNa U MOXET NPUBOAUTD K ee
CHUMEHUIO, NO3TOMY NpeaesibHble TPynnbl CUMMETPUM OKasblBalOTCA MOME3HbIMKU NpU aHanuse dopm
peanbHbIX KPUCTaNNOB.

MpeaenbHbIX rPYNN CUMMETPUU BCETO ceMb. MATb U3 HUX, C OAHOM ocbio cummeTpumn L, , ABnstoTca
npeaenbHbIMU ONA BUAOB CUMMETPUM CPeaHel KaTeropmu, ABe rpynnbl ¢ 6ECKOHEYHbIM KONMYECTBOM L,-
npeaenbHbIMKM N8 BWMAOB CUMMETPMM BbiClIei KaTeropuu. KaxKgoW rpyrnne MOMHO COMNOCTaBUTb
onpeaeneHHyo reoMeTPUUYECKYHO GUTYPY, UMEIOLLLYIO TE YKE 3/IEMEHTbI CUMMETPUM:

1 — L, cuMmmMeTpUA BpaLlaoLLEroca KpYyroBoro KoHyca. BpauieHme BO3MOXHO KaK BNpaBo, Tak U BAEBO.
flenserca npeaensHO rpynnoi NPUMUTUBHBIX BUAOB CUMMETPUMN.

2 — Ly com, cMMMeTpuAa HEMOABMMKHOIO KPYroBoro KoHyca. beckoHeyHoe KOAMYeCTBO NPOAO/bHbIX
NAIOCKOCTEN CUMMETPUU BO3HMKAET B COOTBETCTBUMM C Teopemol cnoxeHusa 16. lMpegensHas rpynna
NAaHaNbHbIX BUAOB CUMMETPUU.

3 — LemC, cMumMMeTpMA BpaLWAOWEroca KPyroBoro uuauHapa. BpalleHue BO3MOMHO Kak BNpaBo, TaK M
Bneso. [lepneHaMKyNApHaA oCK NAOCKOCTb CUMMETPUM BO3HMKAET B COOTBETCTBUMU C TEOPEMOM CNOXKEHUA
36, TaK KaK ocb L - B TOM uncne 1 yeTHaA. 3Ta rpynna — npejenbHana A/1A LeHTPasibHbIX BUAOB CUMMETPUN.
4 —Lo, oL, cMMMeETpUA CKPYY4EHHOTO UMAMHAPA (BEPXHASN M HUMMKHAA TPaHWU UWMAMHAPA 3aKpyyeHbl B
NPOTMBOMONOMHbIE CTOPOHbI). BEecKoHeYyHoe KO/MYECTBO oOcel CcUMMeTpuM L, nepneHamKynapHbIX
Lo BO3HMKaeT B cooTBeTcTBMM C Teopemoil cnoxeHua la. lNpepenbHaa rpynna akcuanbHbIX BUAOB
CUMMETPUU.

5 — Lg, 0L, comC , cummeTpua HENOABUMKHOIO KPYrosoro uuannapa. Monyyaetcs M3 npeaplayuien rpynnoi
pobasneHmem LeHTpa MHBEPCUM, NOPOXKAAIOLLETO B COOTBETCTBUM C Teopemol cnoxeHua 36 6eckoHeyHoe
KONIMYECTBO MNOCKOCTEM CMMMETPUM, MNEPNEHAMKYNAPHbBIX KaXKaoh L, NAOC BblAENEHHYK MAOCKOCTb
CMMMeTpUM, nepneHaukynspHyto L, Tpynna, npegenbHas Ans akcUasbHO-LEHTPasibHbIX BUAOB
CUMMETPUU.

6 - 0L, , CUMMETPUA LWapa, KaXKabIM paguyc KOTOPOro 3akpyyYeH B O4HY U Ty e cTopoHy (nubo snpaeo,
nmbo Bneeo). MpeaenbHas rpynna ANs akcManbHOTo BUAA CUMMETPUM BbICLLEN KaTeropum.

7 - oLy, comC cummeTpua obbiyHoro wapa. MonyyaeTtca U3 npeaplaywen rpynnel gobasneHnem LeHTpa
WHBEPCUM, MOPOKAAIOLLETO B COOTBETCTBUM C TEOPEMON CI0XKeHUA 36 BECKOHEYHOE KO/TMYECTBO NNOCKOCTEN
CUMMETPUM, NEPNEHAUKYNAPHBIX KAXKA0W U3 ocel L.,. [pynna, npeaenbHan gna akCManbHO-LEHTPANbHOIO
BMAa CUMMETPUN BbICLLEW KAaTErOPUM.

MpeaenbHble rpynnbl CUMMETPUUM U MX reoMeTpUYecKre obpasbl NoKasaHbl Ha pMc.2.12.
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